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Figure 2
The most recent measurements of neutron-star masses. Double neutron stars (magenta), recycled pulsars
( gold ), bursters ( purple), and slow pulsars (cyan) are included.
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Figure 3
The inferred mass distributions for the different populations of neutron stars.

parameters for these distributions are the following: M 0 = 1.33 M⊙ and σ = 0.09 M⊙ for
the DNSs, M 0 = 1.54 M⊙ and σ = 0.23 M⊙ for the recycled NSs, and M 0 = 1.49 M⊙ and
σ = 0.19 M⊙ for the slow pulsars. A recent study also raised the possibility of two peaks within
the recycled MSP population, with the first peak at M = 1.39 M⊙ and a dispersion σ = 0.06 M⊙

and a second peak appearing at M = 1.81 M⊙ with a dispersion of σ = 0.18 M⊙ (Antoniadis
et al. 2016).

Among these inferred distributions, the narrowness of the DNS distribution stands out.
Although clearly not representative of NSs as a whole, as it was once thought (Thorsett &
Chakrabarty 1999), it probably points to a particular evolutionary mechanism that keeps the
masses of NSs in these systems in a narrow range. Recent discoveries, such as the DNS J0453+1559
(Deneva et al. 2013), indicate that the range of masses in DNS systems may also be wider than
previously believed: the recycled pulsar has a mass of 1.559 (5) M⊙, the heaviest known in any DNS
(Martinez et al. 2015), whereas the companion has a mass of 1.174 (4) M⊙, the smallest precisely
measured mass of any NS (we infer that the companion is an NS from the orbital eccentricity of
the system, e = 0.11251837(5), which would not arise if it had slowly evolved to a massive WD
star).

2.6. Maximum Mass of Neutron Stars
Finding the maximum mass of NSs is of particular interest in mass measurements because of its
direct implications for the NS EoSs and NS evolution. The largest NS mass can rule out the EoSs
that have maximum masses and fall below this value. The current record holder on this front is
J0348+0432 with a mass of 2.01 ± 0.04 M⊙ (Antoniadis et al. 2013).

There are also some studies of a particular class of MSPs called black widows (and their cousins
redbacks) that have suggested higher NS masses (e.g., van Kerkwijk et al. 2011). These MSPs
irradiate and ablate their very low-mass companions. Although the pulsar timing provides the
Keplerian parameters for the orbit, all other information about the masses in these systems is
obtained from the modeling of the optical light curves (to determine orbital inclination) and the
spectroscopy (to measure the mass ratio) of the companion star. Unfortunately, there are many
difficulties in obtaining accurate measurements from these ablated companions. Even when using
a model of an irradiated companion, the short timescale variability, the unevenly heated surface,
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Combining Events
• Inference from multiple events 

about parameters affecting all 
events, e.g. 

• Common parameters: Tests 
of General Relativity, Neutron 
Star EOS 

• Population parameters: 
Rate, BH mass function, spin 
distributions, … 

• Selection effects are important!
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FIG. 7. Recovering the true mass ratio and �e↵ dis-
tribution: A comparison between the underlying distribu-
tion (white contours) and the posterior predictive distribution
(solid contours) for the marginal mass ratio and spin distri-
bution. Both lines and colors correspond to the same contour
levels for the two-dimensional marginal distribution in q,�e↵ .

posterior inferences derived from GW data, provided by
the LIGO Scientific Collaboration. For O2 events, we
adapt the procedure applied above and described in Ap-
pendix A to generate synthetic posterior distributions
which closely resemble the reported parameter estimates
for mass and �e↵ . For simplicity and to enable a con-
crete illustration of our method using real data, we will
produce estimates under the (unwarranted) assumption
that reported O2 results available to date represent a
comprehensive and fair sample of binary black holes seen
during LIGO’s O2 observing run. In these estimates,
we assume O1 and O2 share a common sensitive volume
V as estimated in Section IIC, with observing duration
TO1 = 48.6 days [4] and TO2 = 117 days [84]. Keeping in
mind model systematics like the omission of a salient fea-
ture in the mass distribution can demonstrably strongly
bias recovered model parameters [19, 20], as well as sam-
ple incompleteness for our O2-scale analysis, in Table II
we provide our inferences about the O1 and O2 popula-
tion within the context of the fiducial BBH population
model described in Section III B. For O2 in particular, we
emphasize the simplified V T and non-final sample used in
that analysis, which is provided solely for illustration and
to connect to previously-published investigations about
O2-scale events [19, 22, 30]; applying our methods to fi-
nal O2 results with real samples and carefully calibrated
V T could produce substantially di↵erent astrophysical
conclusions.

Figure 9 shows our best estimates for the merger rate
of BH-BH binaries of di↵erent mass, inferred within the
context of the model described in Table I and demon-
strated on synthetic data in Section III B. Naturally,
we estimate an overall BH-BH merger rate and mass

FIG. 8. Inferred spin distribution derived from syn-
thetic BBH observations: The top panel show our infer-
ences about the total BH spin; the bottom panel show our
inferences about BH spin-orbit misalignment. In the left pan-
els, the dotted line shows the underlying distribution, while
the solid line and shaded regions show the median recovered
parameter distribution. To a first approximation, the con-
straints on spin magnitude and misalignment are as needed
for the population model to reproduce the mass and �e↵ dis-
tribution of the underlying population as shown in Figure
III B.

distribution consistent with previously reported results
[4]. Using a Je↵ries’ prior for the merger rate, we find
R = 122+291

�96
Gpc�3yr�1 based on O1. For O2, we find

uncertainty in the event rate is reduced by roughly a fac-
tor of two, both through reduced Poisson error (e.g., six
instead of three events) and through sharper constraints
on the mass distribution (e.g., reducing prospects for a
large maximum mass). Our result for O1 is more conser-
vative (wider) than the power-law result reported previ-
ously in Abbott et al [4], 97+135

�67
Gpc�3yr�1, because we

employ a more flexible model and therefore incorporate
more model systematics, notably including the correla-

Wysocki+ 1805.06442
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• Spins are zero both in injections and templates,
and we compare results for an injected mass dis-
tribution that is uniform on [1, 2]M� with what
one gets with a Gaussian mass distribution that
has µm = 1.35M� and �m = 0.05M�. However,
for the templates we do not assume knowledge of
the astrophysical mass distribution, sticking to a
uniform mass prior on [1, 2]M�.

• Next we specialize to the Gaussian injected mass
distribution, and switch on spins. In the injected
waveforms, the latter are drawn from Gaussian dis-
tributions with zero mean and �� = 0.02, while in
the templates the priors for the spins are uniform
on [�0.1, 0.1].

We stress again that for analysis purposes we will not
assume knowledge of the astrophysical mass distribution,
and we will use a prior on the component masses that is
uniform on the interval [1, 2]M�. As we shall see, sig-
nificant biases will appear in the estimation of c0. These
can be traced back to this flat prior. As demonstrated
in the Appendix, if we had exact knowledge of the astro-
physical mass distribution and could use that as a prior
instead, the biases would go away.

1. Zero spins; flat versus Gaussian distribution of

component masses

Let us start with the case of zero spins, and a uniform
mass distribution. Fig. 8 shows the evolution of the me-
dians and 95% confidence intervals in the measurement of
c0 as information from an increasing number of detected
sources is combined, the injected EOS in turn being MS1,
H4, and SQM3. We see that a clean separation between
posterior densities occurs after ⇠ 50 sources have be-
come available, and uncertainties of ⇠ 10% are reached
as the number of detections goes towards 100. This can
be compared with Fig. 1 of our earlier paper [25], where
the separation also happens around ⇠ 50 sources, but
⇠ 10% errors are arrived at somewhat sooner than here.
We recall that in that work, tidal e↵ects were only taken
to 1PN order; on the other hand, waveforms were termi-
nated at the LSO frequency rather than at the minimum
of the LSO and contact frequencies. The earlier termina-
tion of signal waveforms in the present paper leads to a
smaller number of cycles, and somewhat less information
about the EOS is available.

In Fig. 9, we show results for zero spins, and this time a
Gaussian distribution for the injected component masses.
A good separation between MS1, H4, and SQM3 does not
occur until ⇠ 150 sources have become available, and
large systematic biases appear. As explained below, this
is related to the continued use of a flat prior on the com-
ponent masses, a distribution which now has a significant
mismatch with the astrophysical one. The e↵ect of the
mass prior is further investigated in the Appendix.

FIG. 8: Evolution of the medians and 95% confidence inter-
vals in the measurement of c0 = �(m0), the tidal deformabil-
ity at the reference mass m0 = 1.35M�, for the cases where
the injected EOS is MS1, H4, or SQM3. Both in the injec-
tions and the templates, spins are set to zero, and the injected
mass distribution is uniform on the interval [1, 2]M�.

FIG. 9: The same as in Fig. 8, but this time the signals have
component masses drawn from a strongly peaked Gaussian
distribution; on the other hand, the prior distribution for the
masses used in the analysis of the data is still taken to be
uniform on [1, 2]M�. Note how large systematic errors ap-
pear. The e↵ect of the mass prior is further investigated in
the Appendix.

2. Gaussian mass distribution, non-zero spins

We now focus on the case of a Gaussian distribution for
the injected component masses, and also switch on spins,
which are drawn from a Gaussian distribution with zero
mean and �� = 0.02. We also allow for spins in the tem-
plate waveforms, with a prior distribution that is uniform
on [�0.1, 0.1], to reflect the ignorance of the true distri-
bution of spins that we will have in reality. The results
are shown in Fig. 10. As in the non-spinning case with
the same injected mass distribution, there are system-
atic biases. Having to estimate the spins as additional
parameters also increases the statistical errors, because
of the larger dimensionality of the parameter space to be

Agathos+ 2015
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Hierarchical Models

• Goal: Extract information 
about some population 
parameter 𝛾 from N 
detected events with 
data d and nuisance 
parameters 𝜃 

•

Global Model 
[γ]

Source 
Model 

[θ1]

Source 
Model 

[θ2]

p(�|N, {d1, d2, ...}) / p(�|I)p(N |�)
NY

i

p(di|�, detection)
<latexit sha1_base64="6CchlfaV28hWC/3puXJ37vblYw8="></latexit><latexit sha1_base64="6CchlfaV28hWC/3puXJ37vblYw8="></latexit><latexit sha1_base64="6CchlfaV28hWC/3puXJ37vblYw8="></latexit><latexit sha1_base64="6CchlfaV28hWC/3puXJ37vblYw8="></latexit>



Selection effects
• In general, the number of detected sources N can be affected by the source properties 

• e.g. Large masses -> larger distances 

• We are interested in the astrophysical distribution not the observed distribution 

• Must account for selection effects!

p(N |�) = p(N |N̂)p(N̂ |�) = N̂(�)Ne�N̂(�)

N !
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N̂ =

Z
@kN̂(�)

@~✓
d~✓

=

Z
@kNastro(�)

@~✓
p(detection|✓)d✓
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Poisson statistics on 
observed number N

Observed distribution 
is astrophysical 

distribution filtered 
by detection probability



Where are we now?



Masses

• O1: 3 BBHs 

• O2: 7 BBHs, 1 BNS
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FIG. 4. Parameter estimation summary plots I. Posterior probability densities of the masses, spins, and SNR of the GW events. For the
two-dimensional distributions, the contours show 90% credible regions. Left panel: Source frame component masses m1 and m2. We use the
convention that m1 � m2, which produces the sharp cut in the two-dimensional distribution. Lines of constant mass ratio q = m2/m1 are shown
for 1/q = 2, 4, 8. For low-mass events, the contours follow lines of constant chirp mass. Right panel: The mass Mf and dimensionless spin
magnitude af of the final black holes. The colored event labels are ordered by source frame chirp mass. The same color code and ordering
(where appropriate) apply to Figs. 5 to 8.

where M = m1 + m2 is the total mass of the binary, and m1 is
defined to be the mass of the larger component of the binary,
such that m1 � m2. Di↵erent parameterizations of spin e↵ects
are possible and can be motivated from their appearance in
the GW phase or dynamics [121–123]. �e↵ is approximately
conserved throughout the inspiral [120]. To assess whether a
binary is precessing we use a single e↵ective precession spin
parameter �p [124] (see Appendix C).

During the inspiral the phase evolution depends at leading
order on the chirp mass [34, 125, 126],

M =
(m1m2)3/5

M1/5 , (5)

which is also the best measured parameter for low mass sys-
tems dominated by the inspiral [100, 121, 127, 128]. The mass
ratio

q =
m2

m1
 1 (6)

and e↵ective aligned spin �e↵ appear in the phasing at higher
orders [100, 120, 122].

For precessing binaries the orbital angular momentum vec-
tor ~L is not a stable direction, and it is preferable to describe
the source inclination by the angle ✓JN between the total an-
gular momentum ~J (which typically is approximately constant
throughout the inspiral) and the line of sight vector ~N instead
of the orbital inclination angle ◆ between ~L and ~N [118, 129].
We quote frequency-dependent quantities such as spin vec-
tors and derived quantities as �p at a GW reference frequency
fref = 20Hz.

Binary neutron stars have additional degrees of freedom re-
lated to their response to a tidal field. The dominant quadrupo-
lar (` = 2) tidal deformation is described by the dimensionless
tidal deformability ⇤ = (2/3)k2

h
(c2/G)(R/m)

i5
of each neu-

tron star (NS), where k2 is the dimensionless ` = 2 Love num-
ber and R is the NS radius. The tidal deformabilities depend
on the NS mass m and the equation of state (EOS). The domi-
nant tidal contribution to the GW phase evolution is encapsu-
lated in an e↵ective tidal deformability parameter [130, 131]

⇤̃ =
16
13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

M5 . (7)

B. Masses

In the left panel of Fig. 4 we show the inferred component
masses of the binaries in the source frame as contours in the
m1-m2 plane. Because of the mass prior, we consider only sys-
tems with m1 � m2 and exclude the shaded region. The com-
ponent masses of the detected BH binaries cover a wide range
from ⇠ 5M� to ⇠ 70M� and lie within the range expected for
stellar-mass BHs [132–134]. The posterior distribution of the
heavier component in the heaviest BBH, GW170729, grazes
the lower boundary of the possible mass gap expected from
pulsational pair instability and pair instability supernovae at
⇠ 60 � 120M� [135–137]. The lowest-mass BBH systems,
GW151226 and GW170608, have 90% credible lower bounds
on m2 of 5.6 M� and 5.9 M�, respectively, and therefore lie

18

20 40 60 80 100
Mf(M�)

0.4

0.6

0.8

1.0

a f

FIG. 4. Parameter estimation summary plots I. Posterior probability densities of the masses, spins, and SNR of the GW events. For the
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for 1/q = 2, 4, 8. For low-mass events, the contours follow lines of constant chirp mass. Right panel: The mass Mf and dimensionless spin
magnitude af of the final black holes. The colored event labels are ordered by source frame chirp mass. The same color code and ordering
(where appropriate) apply to Figs. 5 to 8.

where M = m1 + m2 is the total mass of the binary, and m1 is
defined to be the mass of the larger component of the binary,
such that m1 � m2. Di↵erent parameterizations of spin e↵ects
are possible and can be motivated from their appearance in
the GW phase or dynamics [121–123]. �e↵ is approximately
conserved throughout the inspiral [120]. To assess whether a
binary is precessing we use a single e↵ective precession spin
parameter �p [124] (see Appendix C).

During the inspiral the phase evolution depends at leading
order on the chirp mass [34, 125, 126],

M =
(m1m2)3/5

M1/5 , (5)

which is also the best measured parameter for low mass sys-
tems dominated by the inspiral [100, 121, 127, 128]. The mass
ratio

q =
m2

m1
 1 (6)

and e↵ective aligned spin �e↵ appear in the phasing at higher
orders [100, 120, 122].

For precessing binaries the orbital angular momentum vec-
tor ~L is not a stable direction, and it is preferable to describe
the source inclination by the angle ✓JN between the total an-
gular momentum ~J (which typically is approximately constant
throughout the inspiral) and the line of sight vector ~N instead
of the orbital inclination angle ◆ between ~L and ~N [118, 129].
We quote frequency-dependent quantities such as spin vec-
tors and derived quantities as �p at a GW reference frequency
fref = 20Hz.

Binary neutron stars have additional degrees of freedom re-
lated to their response to a tidal field. The dominant quadrupo-
lar (` = 2) tidal deformation is described by the dimensionless
tidal deformability ⇤ = (2/3)k2

h
(c2/G)(R/m)

i5
of each neu-

tron star (NS), where k2 is the dimensionless ` = 2 Love num-
ber and R is the NS radius. The tidal deformabilities depend
on the NS mass m and the equation of state (EOS). The domi-
nant tidal contribution to the GW phase evolution is encapsu-
lated in an e↵ective tidal deformability parameter [130, 131]

⇤̃ =
16
13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

M5 . (7)

B. Masses

In the left panel of Fig. 4 we show the inferred component
masses of the binaries in the source frame as contours in the
m1-m2 plane. Because of the mass prior, we consider only sys-
tems with m1 � m2 and exclude the shaded region. The com-
ponent masses of the detected BH binaries cover a wide range
from ⇠ 5M� to ⇠ 70M� and lie within the range expected for
stellar-mass BHs [132–134]. The posterior distribution of the
heavier component in the heaviest BBH, GW170729, grazes
the lower boundary of the possible mass gap expected from
pulsational pair instability and pair instability supernovae at
⇠ 60 � 120M� [135–137]. The lowest-mass BBH systems,
GW151226 and GW170608, have 90% credible lower bounds
on m2 of 5.6 M� and 5.9 M�, respectively, and therefore lie
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FIG. 4. Parameter estimation summary plots I. Posterior probability densities of the masses, spins, and SNR of the GW events. For the
two-dimensional distributions, the contours show 90% credible regions. Left panel: Source frame component masses m1 and m2. We use the
convention that m1 � m2, which produces the sharp cut in the two-dimensional distribution. Lines of constant mass ratio q = m2/m1 are shown
for 1/q = 2, 4, 8. For low-mass events, the contours follow lines of constant chirp mass. Right panel: The mass Mf and dimensionless spin
magnitude af of the final black holes. The colored event labels are ordered by source frame chirp mass. The same color code and ordering
(where appropriate) apply to Figs. 5 to 8.

where M = m1 + m2 is the total mass of the binary, and m1 is
defined to be the mass of the larger component of the binary,
such that m1 � m2. Di↵erent parameterizations of spin e↵ects
are possible and can be motivated from their appearance in
the GW phase or dynamics [121–123]. �e↵ is approximately
conserved throughout the inspiral [120]. To assess whether a
binary is precessing we use a single e↵ective precession spin
parameter �p [124] (see Appendix C).

During the inspiral the phase evolution depends at leading
order on the chirp mass [34, 125, 126],

M =
(m1m2)3/5

M1/5 , (5)

which is also the best measured parameter for low mass sys-
tems dominated by the inspiral [100, 121, 127, 128]. The mass
ratio

q =
m2

m1
 1 (6)

and e↵ective aligned spin �e↵ appear in the phasing at higher
orders [100, 120, 122].

For precessing binaries the orbital angular momentum vec-
tor ~L is not a stable direction, and it is preferable to describe
the source inclination by the angle ✓JN between the total an-
gular momentum ~J (which typically is approximately constant
throughout the inspiral) and the line of sight vector ~N instead
of the orbital inclination angle ◆ between ~L and ~N [118, 129].
We quote frequency-dependent quantities such as spin vec-
tors and derived quantities as �p at a GW reference frequency
fref = 20Hz.

Binary neutron stars have additional degrees of freedom re-
lated to their response to a tidal field. The dominant quadrupo-
lar (` = 2) tidal deformation is described by the dimensionless
tidal deformability ⇤ = (2/3)k2

h
(c2/G)(R/m)

i5
of each neu-

tron star (NS), where k2 is the dimensionless ` = 2 Love num-
ber and R is the NS radius. The tidal deformabilities depend
on the NS mass m and the equation of state (EOS). The domi-
nant tidal contribution to the GW phase evolution is encapsu-
lated in an e↵ective tidal deformability parameter [130, 131]

⇤̃ =
16
13

(m1 + 12m2)m4
1⇤1 + (m2 + 12m1)m4

2⇤2

M5 . (7)

B. Masses

In the left panel of Fig. 4 we show the inferred component
masses of the binaries in the source frame as contours in the
m1-m2 plane. Because of the mass prior, we consider only sys-
tems with m1 � m2 and exclude the shaded region. The com-
ponent masses of the detected BH binaries cover a wide range
from ⇠ 5M� to ⇠ 70M� and lie within the range expected for
stellar-mass BHs [132–134]. The posterior distribution of the
heavier component in the heaviest BBH, GW170729, grazes
the lower boundary of the possible mass gap expected from
pulsational pair instability and pair instability supernovae at
⇠ 60 � 120M� [135–137]. The lowest-mass BBH systems,
GW151226 and GW170608, have 90% credible lower bounds
on m2 of 5.6 M� and 5.9 M�, respectively, and therefore lie
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Mass Parameters Spin Parameters

Model ↵ mmax mmin �q �m µm �m �m E[a] Var[a] ⇣ �i

A [-4, 12] [30, 100] 5 0 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

B [-4, 12] [30, 100] [5, 10] [-4, 12] 0 N/A N/A N/A [0, 1] [0, 0.25] 1 [0, 10]

C [-4, 12] [30, 100] [5, 10] [-4, 12] [0, 1] [20, 50] (0, 10] [0, 10] [0, 1] [0, 0.25] [0, 1] [0, 4]

Table 2. Summary of models used in Sections 3, 4, and 5, with the prior ranges for the population parameters. The fixed
parameters are in bold. Each of these distributions is uniform over the stated range. All models in this Section assume rates
which are uniform in the comoving volume (� = 0). The lower limit on mmin is chosen to be consistent with Abbott et al.
(2018).

Figure 1. Inferred di↵erential merger rate as a function of primary mass, m1, and mass ratio, q, for three di↵erent assumptions.
For each of the three increasingly complex assumptions A, B, C described in the text we show the PPD (dashed) and median
(solid), plus 50% and 90% symmetric credible intervals (shaded regions), for the di↵erential rate. The results shown marginalize
over the spin distribution model. The fallo↵ at small masses in models B and C is driven by our choice of the prior limits on
the mmin parameter (see Table 2). All three models give consistent mass distributions within their 90% credible intervals over
a broad range of masses, consistent with their near-unity evidence ratios (Table 3); in particular, the peaks and trough seen in
Model C, while suggestive, are not identified at high credibility in the mass distribution.

constraints on the presence or absence of a mass gap at
low black hole mass.
Models B and C also allow the distribution of mass ra-

tios to vary according to �q. In these cases the inferred
mass-ratio distribution favors comparable-mass binaries
(i.e., distributions with most support near q ' 1), see
panel two of Figure 1. Within the context of our pa-
rameterization, we find �q = 6.7+4.8

�5.9 for Model B and
�q = 5.8+5.5

�5.8 for Model C. These values are consistent
with each other and are bounded above zero at 95% con-

fidence, thus implying that the mass ratio distribution
is nearly flat or declining with more extreme mass ra-
tios. The posterior on �q returns the prior for �q & 4.
Thus, we cannot say much about the relative likelihood
of asymmetric binaries, beyond their overall rarity.
The distribution of the parameter controlling the frac-

tion of the power law versus the Gaussian component in
Model C is �m = 0.4+0.3

�0.3, which peaks away from zero,
implying that this model prefers a contribution to the
mass distribution from the Gaussian population in ad-
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Figure 1. Inferred di↵erential merger rate as a function of primary mass, m1, and mass ratio, q, for three di↵erent assumptions.
For each of the three increasingly complex assumptions A, B, C described in the text we show the PPD (dashed) and median
(solid), plus 50% and 90% symmetric credible intervals (shaded regions), for the di↵erential rate. The results shown marginalize
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the mmin parameter (see Table 2). All three models give consistent mass distributions within their 90% credible intervals over
a broad range of masses, consistent with their near-unity evidence ratios (Table 3); in particular, the peaks and trough seen in
Model C, while suggestive, are not identified at high credibility in the mass distribution.

constraints on the presence or absence of a mass gap at
low black hole mass.
Models B and C also allow the distribution of mass ra-

tios to vary according to �q. In these cases the inferred
mass-ratio distribution favors comparable-mass binaries
(i.e., distributions with most support near q ' 1), see
panel two of Figure 1. Within the context of our pa-
rameterization, we find �q = 6.7+4.8

�5.9 for Model B and
�q = 5.8+5.5

�5.8 for Model C. These values are consistent
with each other and are bounded above zero at 95% con-

fidence, thus implying that the mass ratio distribution
is nearly flat or declining with more extreme mass ra-
tios. The posterior on �q returns the prior for �q & 4.
Thus, we cannot say much about the relative likelihood
of asymmetric binaries, beyond their overall rarity.
The distribution of the parameter controlling the frac-

tion of the power law versus the Gaussian component in
Model C is �m = 0.4+0.3

�0.3, which peaks away from zero,
implying that this model prefers a contribution to the
mass distribution from the Gaussian population in ad-
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Spins I

• effective spins ~0: are BBHs non-spinning or just not aligned?
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FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GW events.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals of the
distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source frame chirp mass.
The colors correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89. Top left panel:
The mass ratio q = m2/m1. Top right panel: The e↵ective aligned spin magnitude �e↵ . Bottom left panel: Contours of 90% credible regions for
the e↵ective aligned spin and mass ratio of the binary components for low (high) mass binaries are shown in the upper (lower) panel. Bottom
right panel: The e↵ective precession spin posterior (colored) and its e↵ective prior distribution (white) for BBH (BNS) events. The priors
have been conditioned on the �e↵ posterior distributions.

above the proposed BH mass gap region [138–141] of 2�5M�.
The component masses of the BBHs show a strong degener-
acy with each other. Lower mass systems are dominated by
the inspiral of the binary, and the component mass contours
trace out a line of constant chirp mass Eq. (5) which is the
best measured parameter in the inspiral [34, 121, 127]. Since
higher-mass systems merge at a lower GW frequency, their
GW signal is dominated by the merger of the binary. For high
mass binaries the total mass can be measured with accuracy
comparable to that of the chirp mass [142–145].

We show posteriors for the ratio of the component
masses Eq. (6) in the top left panel of Fig. 5. This parameter

is much harder to constrain than the chirp mass. The width
of the posteriors depends mostly on SNR and so the mass
ratio is best measured for the loudest events, GW170817,
GW150914 and GW170814. Even though GW170817 has
the highest SNR of all events, its mass ratio is less well con-
strained, because the signal power comes predominantly from
the inspiral, while the merger contributes little compared to
BBH [146]. GW151226 and GW151012 have posterior sup-
port for more unequal mass ratios than the other events, with
lower bounds of 0.28 and 0.30 at 90% credible level.

The final mass, radiated energy, final spin, and peak lu-
minosity of the BH remnant from a BBH coalescence are

LVC, arXiv:1811.12907



Spins II

• Better sensitivity required to measure in-plane spins for objects like 
these we are seeing
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FIG. 5. Parameter estimation summary plots II. Posterior probability densities of the mass ratio and spin parameters of the GW events.
The shaded probability distributions have equal maximum widths, and horizontal lines indicate the medians and 90% credible intervals of the
distributions. For the two-dimensional distributions, the contours show 90% credible regions. Events are ordered by source frame chirp mass.
The colors correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89. Top left panel:
The mass ratio q = m2/m1. Top right panel: The e↵ective aligned spin magnitude �e↵ . Bottom left panel: Contours of 90% credible regions for
the e↵ective aligned spin and mass ratio of the binary components for low (high) mass binaries are shown in the upper (lower) panel. Bottom
right panel: The e↵ective precession spin posterior (colored) and its e↵ective prior distribution (white) for BBH (BNS) events. The priors
have been conditioned on the �e↵ posterior distributions.

above the proposed BH mass gap region [138–141] of 2�5M�.
The component masses of the BBHs show a strong degener-
acy with each other. Lower mass systems are dominated by
the inspiral of the binary, and the component mass contours
trace out a line of constant chirp mass Eq. (5) which is the
best measured parameter in the inspiral [34, 121, 127]. Since
higher-mass systems merge at a lower GW frequency, their
GW signal is dominated by the merger of the binary. For high
mass binaries the total mass can be measured with accuracy
comparable to that of the chirp mass [142–145].

We show posteriors for the ratio of the component
masses Eq. (6) in the top left panel of Fig. 5. This parameter

is much harder to constrain than the chirp mass. The width
of the posteriors depends mostly on SNR and so the mass
ratio is best measured for the loudest events, GW170817,
GW150914 and GW170814. Even though GW170817 has
the highest SNR of all events, its mass ratio is less well con-
strained, because the signal power comes predominantly from
the inspiral, while the merger contributes little compared to
BBH [146]. GW151226 and GW151012 have posterior sup-
port for more unequal mass ratios than the other events, with
lower bounds of 0.28 and 0.30 at 90% credible level.

The final mass, radiated energy, final spin, and peak lu-
minosity of the BH remnant from a BBH coalescence are

Colours: posterior 
White: Prior

LVC, arXiv:1811.12907



Spins III
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FIG. 6. Parameter estimation summary plots III. Posterior probability distributions for the dimensionless component spins c~S 1/(Gm2
1) and

c~S 2/(Gm2
2) relative to the normal to the orbital plane ~L, marginalized over the azimuthal angles. The bins are constructed linearly in spin

magnitude and the cosine of the tilt angles, and are assigned equal prior probability. Events are ordered by source frame chirp mass. The colors
correspond to the colors used in summary plots. For GW170817 we show results for the high-spin prior ai < 0.89.
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Spin tilt distribution?

• Combining events does not yield big returns 

• Subject to selection effects!

23

Mass Model Spin Parameters

Model E[a] Var[a] ↵a,�a ⇣ �i

Gaussian (G) C [0, 1] [0, 0.25] � 1 1 [0, 4]

Mixture (M) C [0, 1] [0, 0.25] � 1 [0, 1] [0, 4]

Table 6. Summary of spin distribution models examined in Section 5.1, with prior ranges for the population parameters
determining the spin models. The fixed parameters are in bold. Each of these distributions is uniform over the stated range,
with boundary conditions such that the inferred parameters ↵a,�a must be � 1. Details of the mass model listed here is
described in Table 2.

Figure 7. Inferred distribution of spin magnitude for
a parametric (top) and non-parametric binned model (bot-
tom). The solid lines show the median and the dashed line
shows the PPD. The shaded regions denote the 50% and 90%
symmetric intervals. In the bottom panel, the distribution
of spin magnitude is inferred over five bins, assuming either
perfectly aligned (green) or isotropic (blue) population. The
solid lines denote the median, and the shaded regions denote
the central 90% posterior credible bounds. In both cases,
the magnitude is consistent within the uncertainties with the
parametric results.

et al. (2018). We show in the bottom panel of Figure 7
that under the perfectly aligned scenario there is pref-
erence for small black hole spin, inferring 90% of black
holes to have spin magnitudes below 0.6+0.24

�0.28. However,
when spins are assumed to be isotropic the distribution

is relatively flat, with 90% of black hole spin magni-
tudes below 0.8+0.15

�0.24. Thus, the non-parametric analy-
sis produces conclusions consistent with our parametric
analyses described above. These conclusions are also
reinforced by computing the Bayes factor for a set of
fixed parameter models of spin magnitude and orienta-
tion in Appendix B. There we find that the very low
spin magnitude model is preferred in all three orienta-
tion configurations tested (see Figure 11 and Table 7 for
details).
Figure 8 shows the inferred distribution of the pri-

mary spin tilt for the more massive black hole. These
results were obtained without including the e↵ects of
component spins on the detection probability: see Ap-
pendix A for further discussion. In the Gaussian model
(⇣ = 1), all black hole spin orientations are drawn from
spin tilt distributions which are preferentially aligned
and parameterized with �i. In that model, the �i dis-
tributions do not di↵er appreciably from the their flat
priors. As such, the inferred spin tilt distribution are in-
fluenced by large �i and the result resembles an isotropic
distribution. The Mixture distribution does not return
a decisive measurement of the mixture fraction, obtain-
ing ⇣ = 0.5+0.4

�0.5. Since the Gaussian model is a subset of

Figure 8. Inferred distribution of cosine spin tilt for
the more massive black hole for two choices of prior (see
Section 2.4). The dash-dotted line denotes a completely
isotropic distribution (see Appendix B). The solid lines show
the median. The shaded regions denote the 50% and 90%
symmetric intervals and the dashed line denotes the PPD.
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Mass Model Spin Parameters

Model E[a] Var[a] ↵a,�a ⇣ �i

Gaussian (G) C [0, 1] [0, 0.25] � 1 1 [0, 4]

Mixture (M) C [0, 1] [0, 0.25] � 1 [0, 1] [0, 4]

Table 6. Summary of spin distribution models examined in Section 5.1, with prior ranges for the population parameters
determining the spin models. The fixed parameters are in bold. Each of these distributions is uniform over the stated range,
with boundary conditions such that the inferred parameters ↵a,�a must be � 1. Details of the mass model listed here is
described in Table 2.

Figure 7. Inferred distribution of spin magnitude for
a parametric (top) and non-parametric binned model (bot-
tom). The solid lines show the median and the dashed line
shows the PPD. The shaded regions denote the 50% and 90%
symmetric intervals. In the bottom panel, the distribution
of spin magnitude is inferred over five bins, assuming either
perfectly aligned (green) or isotropic (blue) population. The
solid lines denote the median, and the shaded regions denote
the central 90% posterior credible bounds. In both cases,
the magnitude is consistent within the uncertainties with the
parametric results.

et al. (2018). We show in the bottom panel of Figure 7
that under the perfectly aligned scenario there is pref-
erence for small black hole spin, inferring 90% of black
holes to have spin magnitudes below 0.6+0.24

�0.28. However,
when spins are assumed to be isotropic the distribution

is relatively flat, with 90% of black hole spin magni-
tudes below 0.8+0.15

�0.24. Thus, the non-parametric analy-
sis produces conclusions consistent with our parametric
analyses described above. These conclusions are also
reinforced by computing the Bayes factor for a set of
fixed parameter models of spin magnitude and orienta-
tion in Appendix B. There we find that the very low
spin magnitude model is preferred in all three orienta-
tion configurations tested (see Figure 11 and Table 7 for
details).
Figure 8 shows the inferred distribution of the pri-

mary spin tilt for the more massive black hole. These
results were obtained without including the e↵ects of
component spins on the detection probability: see Ap-
pendix A for further discussion. In the Gaussian model
(⇣ = 1), all black hole spin orientations are drawn from
spin tilt distributions which are preferentially aligned
and parameterized with �i. In that model, the �i dis-
tributions do not di↵er appreciably from the their flat
priors. As such, the inferred spin tilt distribution are in-
fluenced by large �i and the result resembles an isotropic
distribution. The Mixture distribution does not return
a decisive measurement of the mixture fraction, obtain-
ing ⇣ = 0.5+0.4

�0.5. Since the Gaussian model is a subset of

Figure 8. Inferred distribution of cosine spin tilt for
the more massive black hole for two choices of prior (see
Section 2.4). The dash-dotted line denotes a completely
isotropic distribution (see Appendix B). The solid lines show
the median. The shaded regions denote the 50% and 90%
symmetric intervals and the dashed line denotes the PPD.
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Digging into noise
• As detections 

increase, less 
conservative criteria 
for using events? 

• Decrease thresholds 
to meet computational 
requirements rather 
than ensure low FAR 

• Use catalogues with 
<100% purity

Digging populations out of the noise 9
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Figure 4. The probability that an event is caused by detector noise rather than being of astrophysical origin, 1� pastro, versus SNR. The foreground population
model is a truncated power-law distribution. Blue and red dots represent foreground and background events respectively. The dash-dotted line shows the
probability that would be inferred by a SNR based estimate, assuming the relative number of expected foreground and background events is known perfectly.
The inset focuses on the region with background events and emphasises events which are unlikely to be astrophysical by using a linear scale.

outlier has an SNR slightly above 20, and is therefore removed
when the SNR threshold is set to 21. The true mass distribution is
well within the confidence interval shown in figure 7, though the
true distribution is somewhat more narrow than inferred as seen
previously in figure 5.

The comparison of the estimated pastro as shown in figure 8
show how important the inclusion of masses is for this population.
We can clearly identify the band of foreground events for which
1 � pastro is smaller by factors of a few up to 10 compared to the
SNR-based estimate. In this specific realisation only six out of 76
foreground events lost any pastro, across multiple simulations on
average 97% of foreground events saw an increase in pastro. In the
case of background events ⇡ 20% saw an increase in their pastro of
up to 10%, though most are demoted and often down to e�ectively
0.

4.3 Incorrect models - No background component

Previous analyses of gravitational wave populations (such as the
power law model used in (Abbott et al. 2017)) use a high threshold
to ensure a high probability that the events used are of astrophysical
origin, in e�ect neglecting the possibility of background. Here we
investigate the behaviour of our toy model with the background
component disabled, corresponding to such a scenario. This shows
the results one would obtain if simply fitting the foreground model
to a contaminated dataset. The underlying population is a truncated
power law identical to the one used in the first set of results presented
in section 4.1.

The results are shown in Fig. 9, where we observe the inferred
distribution to be very di�erent from the true one when the lowest
SNR threshold of 8 is used and the dataset is 95% polluted (left
panel). The mass cut-o�s are extended to the edges of the prior
ranges to incorporate noise events at those values. The confidence
interval includes the true value as long as the SNR threshold is
su�ciently high since the number of background events is negli-

gible, but trends towards �3 as the threshold is lowered. This is
expected since the background dominates the low SNR region and
has a power law slope of 0 in mass. This slope corresponds to an
actual slope of �3 when selection e�ects are considered. In the right
panel we see the e�ect on the estimation of the power law slope as
the threshold is varied. Once the SNR threshold reaches ⇡ 12 the
statistical uncertainty of the slope becomes large enough that the
systematic bias is not noticeable.

4.4 Incorrect models - Neglected selection e�ects

The second kind of error we considered was the neglect to properly
account for the mass dependence of selection e�ects. In case of a
power law distribution this is trivial, as it simply adds +3 to the
inferred value of the slope. Therefore we chose a Gaussian as the
population, and we increased the width to 9 to highlight the impact
of selection e�ects on the inferred population. Figure 10 shows that
the selection e�ects e�ectively shift the distribution towards higher
masses. This is a general feature as the m3 term strongly favours
high mass events in the observed set of events. Depending on the
population this may also a�ect the width of the population, which
happened to be a very minor e�ect in this case.

Together with the previous section 4.3 this illustrates that pop-
ulation inference can be made impossible even when the model
matches the underlying distribution. Accounting for the presence of
noise and selection e�ects is essential for correct inference and to
avoid bias when attempting to lower the SNR threshold.

5 ADVANCED LIGO ENGINEERING DATA
SIMULATION

After the successful tests using the simple toy model we also applied
this method in a more realistic context, within an end-to-end analysis
of simulated GW strain data where event candidates are identified

MNRAS 000, 1–16 (0000)
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Figure 2. Confidence intervals for individual parameters of one realisation of the truncated power-law model (see Sec. 4.1), as a function of SNR threshold. The
parameters shown are the inferred astrophysical merger rate (upper left) and power law slope (upper right), as well as the low (lower left) and high (lower right)
mass cut-o�s. The red dash-dotted line indicates the true value for the underlying population. Dashed grey lines indicate the expected number of foreground
events at the given SNR threshold.

Figure 3. The inferred mass distribution of the foreground population using the truncated power law model and simulated data (see Sec. 4.1). The bands
indicate the given percentiles in the probability density at any given mass across all posterior samples.
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What is needed?
• Single-event / smoking guns 

• Sensitivity: design, A+, 3G 

• Multimessenger: localisation improvement 

• Waveform modeling: control of systematics 

• Combined event science 

• Sensitivity (for number of events) 

• Control of systematics: w.f. errors in common to all events can be fatal in producing biases 

• Understanding of selection function (from real search pipelines) 

• Galaxy catalogues to enable statistical correlations 

• Cosmology, populations 

• Degeneracy between mass distribution, rate evolution over time, cosmology 

• Global fit for universe of compact binaries


