
WFM: modeling challenges 

NR challenges: G. Lovelace & C. Lousto 

EOB/NR challenges: A. Nagar  

Beyond GR challenges: P. Pani



• EOB/NR synergy for BBH. What is used / needed? 

• The role of NR: improving accuracy (also having in mind 3G) 

• The role of NR: improving accurately the (sparse) coverage of  
    parameter space. Targeted, highly accurate, simulations.

EOB waveform modeling 



EOB/NR state of the art: spin-aligned

TEOBResumS (LAL implementation). Nagar et al. 2017), 

SEOBNRv4 (LAL implementation, Bohe et al. 2016)

EOB/NR (SXS) unfaithfulness

Improvable?

SXS catalog < 1904219



TEOBResumS/vB: spin-aligned 
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FIG. 2. Left panel: EOB/NR unfaithfulness computation for the ` = m = 2 mode versus SXS waveform data. We consider in
this plot all SXS waveforms publicly released before February 3, 2019. Right panel: same computation done for BAM waveform
data. A subset of all this data is used to inform the (ac

6, c3) EOB functions.
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FIG. 3. EOB/NR ` = m = 2 unfaithfulness computation with
SXS waveform data publicly released after February 3, 2019
but before April 19, 2019. None of these datasets was used to
inform the TEOBResumS model, neither in the dynamical EOB
functions (ac

6, c3) , nor in the postmerger waveform part. It
is remarkable that max(F̄ ) is always below 0.5% except for
five outliers (highlighted with solid, colored, lines), that how-
ever never exceed the 1% threshold. The three exceptionally
long waveforms, each one developing more than 139 GW cy-
cles before merger, SXS:BBH:1414, 1415 and 1416, are de-
picted in blue. The function F̄ for (1.50, 0.50, 0.50), labeled
as SXS:BBH:1415, developed a rather unusual behavior for
low masses. See Fig. 4 and text for discussion.

SXS:BBH:1377 (1.1,�0.4,�0.7). Of these datasets, only
the first one is public through the SXS catalog. The same
paper also pointed out that the same feature is present in
the EOB resummed waveform (both in orbital-factorized
and non-orbital factorized form). An explanation of this
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FIG. 4. EOB/NR phasing comparison for SXS:BBH:1415,
(1.5, 0.5, 0.5). Note that it doesn’t seem possible to flatten
the phase di↵erence up to t/M ' 1 ⇥ 105. The vertical
lines indicate the alignment frequency region [M!L,M!R] =
[0.038, 0.042]. This may explain the corresponding behavior
of F̄ in Fig. 3 and suggests that the waveform behavior might
be influenced by some systematic e↵ect.

phenomenon was suggested on the basis of leading-order
considerations, that were similarly proven using a 3PN-
based analysis. As a matter of fact, Ref. [14] compared
the PN prediction for frequency at which the (2, 1) mode
as a minimum with the NR-deduced value. From this
PN-based analysis they argued that the phenomenon
comes from a compensation between the spinning and
leading-order nonspinning terms entering the (2, 1) mode.
Notably, the PN based analysis aimed at explaining this
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FIG. 2. Left panel: EOB/NR unfaithfulness computation for the ` = m = 2 mode versus SXS waveform data. We consider in
this plot all SXS waveforms publicly released before February 3, 2019. Right panel: same computation done for BAM waveform
data. A subset of all this data is used to inform the (ac

6, c3) EOB functions.
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FIG. 3. EOB/NR ` = m = 2 unfaithfulness computation with
SXS waveform data publicly released after February 3, 2019
but before April 19, 2019. None of these datasets was used to
inform the TEOBResumS model, neither in the dynamical EOB
functions (ac

6, c3) , nor in the postmerger waveform part. It
is remarkable that max(F̄ ) is always below 0.5% except for
five outliers (highlighted with solid, colored, lines), that how-
ever never exceed the 1% threshold. The three exceptionally
long waveforms, each one developing more than 139 GW cy-
cles before merger, SXS:BBH:1414, 1415 and 1416, are de-
picted in blue. The function F̄ for (1.50, 0.50, 0.50), labeled
as SXS:BBH:1415, developed a rather unusual behavior for
low masses. See Fig. 4 and text for discussion.

SXS:BBH:1377 (1.1,�0.4,�0.7). Of these datasets, only
the first one is public through the SXS catalog. The same
paper also pointed out that the same feature is present in
the EOB resummed waveform (both in orbital-factorized
and non-orbital factorized form). An explanation of this
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FIG. 4. EOB/NR phasing comparison for SXS:BBH:1415,
(1.5, 0.5, 0.5). Note that it doesn’t seem possible to flatten
the phase di↵erence up to t/M ' 1 ⇥ 105. The vertical
lines indicate the alignment frequency region [M!L,M!R] =
[0.038, 0.042]. This may explain the corresponding behavior
of F̄ in Fig. 3 and suggests that the waveform behavior might
be influenced by some systematic e↵ect.

phenomenon was suggested on the basis of leading-order
considerations, that were similarly proven using a 3PN-
based analysis. As a matter of fact, Ref. [14] compared
the PN prediction for frequency at which the (2, 1) mode
as a minimum with the NR-deduced value. From this
PN-based analysis they argued that the phenomenon
comes from a compensation between the spinning and
leading-order nonspinning terms entering the (2, 1) mode.
Notably, the PN based analysis aimed at explaining this
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FIG. 5. Maximal faithfulness all over the SXS (231) and BAM
NR simulations considered. Note that this plot incorporates
96 new SXS waveforms that were not included in Fig. 6 of [21].

TABLE III. Frequency of the minimum of the (2, 1) ampli-
tude for a few BBH configurations considered in Ref. [14]
and not publicly available. M⌦0 is the (orbital) frequency
corresponding to a minimum (or a zero) in the amplitude.
Our EOB-predicted value, from the zero of f̂

S
21 in Table I,

is more consistent with the NR one than the straightforward
PN value.

Name q �1 �2 Ŝ M⌦NR
0 M⌦EOB

0 M⌦PN
0

SXS:BBH:0614 2 0.75 �0.5 0.278 0.083 0.0968 0.057

SXS:BBH:0612 1.6 0.5 �0.5 0.115 0.068 0.0712 0.047

SXS:BBH:1377 1.1 �0.4 �0.7 �0.268 0.033 0.0330 0.029

feature qualitatively as well as semi-quantitatively (see
Table I in Ref. [14]).

Here we repeat the analysis of Ref. [14] and improve
it along several directions thanks to the robustness of
our factorized and resummed waveform amplitudes. In
brief we can show that: (i) focusing on the same datasets
considered in Ref. [14], we show that the (2, 1), purely
analytical EOB amplitude has a minimum (in fact, a
zero) rather close to the values reported in Table I of
Ref. [14], and definitely much closer than the PN-based
prediction; (ii) the phenomenon is here understood as
coming from the compensation, occurring at a certain
frequency, between the two (inverse-resummed) macro-
terms that compose the analytically resummed expres-
sion of f̂S

21, one proportional to X12 and the other one
proportional to ã12, and that appear with opposite signs;
(iii) guided by this analytical understanding, we inves-
tigated whether some of the currently available simu-
lations in the SXS catalog may develop a zero in the
amplitude. Quite remarkably we found that it is in-
deed the case for SXS:BBH:1466, (1.9,+0.70,�0.8), that

2200 2300 2400 2500 2600 2700 2800 2900
0

0.1

0.2

0.3

0.4
j*22j=8
M+

tmrg

2200 2300 2400 2500 2600 2700 2800 2900
t=M

-5

0

5

j*
2
1
j=

(8
c 3

(8
))

#10-3

(1:1;!0:4;!0:7)

0.05 0.1 0.15 0.2 0.25 0.3
x

-5

0

5

10

15 #10
-3

f̂S
21

X12(;
orb
21 )2 + fS

21

(1:1;!0:4;!0:7)

FIG. 6. Occurrence of a zero in the (2, 1) amplitude
in configuration (1.1,�0.4,�0.7), corresponding to dataset
SXS:BBH:1377 analyzed in Ref. [14].

develops a clear minimum that is perfectly consistent
with the EOB-based analytical prediction; (iv) since the
same structure, with the minus sign, is present also in
other m = odd modes, we investigated if the same phe-
nomenon may show up also in some of the other SXS
datasets. Interestingly, we found that the (3, 1) mode
of SXS:BBH:1496 is consistent with the EOB-predicted
analytical behavior.

Let us now discuss in detail the four points listed
above. Figure 6 illustrates a purely EOB waveform
for (1.1,�0.4,+0.7), that corresponds to the (nonpub-
lic) dataset SXS:BBH:1377. The top panel shows the
` = m = 2 waveform amplitude together with the or-
bital frequency. The middle panel shows the (2, 1) wave-

SXS catalog (<19 April 2019) 
BAM waveforms 
max(q) = 18 (NR)

Riemenschneider, Nagar+ in prep., 2019

Improvable IF needed 
(more demanding NR calibration)

Testing set



TEOBResumS/vB: large mass-ratio 
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FIG. 2. Left panel: EOB/NR unfaithfulness computation for the ` = m = 2 mode versus SXS waveform data. We consider in
this plot all SXS waveforms publicly released before February 3, 2019. Right panel: same computation done for BAM waveform
data. A subset of all this data is used to inform the (ac

6, c3) EOB functions.
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FIG. 3. EOB/NR ` = m = 2 unfaithfulness computation with
SXS waveform data publicly released after February 3, 2019
but before April 19, 2019. None of these datasets was used to
inform the TEOBResumS model, neither in the dynamical EOB
functions (ac

6, c3) , nor in the postmerger waveform part. It
is remarkable that max(F̄ ) is always below 0.5% except for
five outliers (highlighted with solid, colored, lines), that how-
ever never exceed the 1% threshold. The three exceptionally
long waveforms, each one developing more than 139 GW cy-
cles before merger, SXS:BBH:1414, 1415 and 1416, are de-
picted in blue. The function F̄ for (1.50, 0.50, 0.50), labeled
as SXS:BBH:1415, developed a rather unusual behavior for
low masses. See Fig. 4 and text for discussion.

SXS:BBH:1377 (1.1,�0.4,�0.7). Of these datasets, only
the first one is public through the SXS catalog. The same
paper also pointed out that the same feature is present in
the EOB resummed waveform (both in orbital-factorized
and non-orbital factorized form). An explanation of this
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FIG. 4. EOB/NR phasing comparison for SXS:BBH:1415,
(1.5, 0.5, 0.5). Note that it doesn’t seem possible to flatten
the phase di↵erence up to t/M ' 1 ⇥ 105. The vertical
lines indicate the alignment frequency region [M!L,M!R] =
[0.038, 0.042]. This may explain the corresponding behavior
of F̄ in Fig. 3 and suggests that the waveform behavior might
be influenced by some systematic e↵ect.

phenomenon was suggested on the basis of leading-order
considerations, that were similarly proven using a 3PN-
based analysis. As a matter of fact, Ref. [14] compared
the PN prediction for frequency at which the (2, 1) mode
as a minimum with the NR-deduced value. From this
PN-based analysis they argued that the phenomenon
comes from a compensation between the spinning and
leading-order nonspinning terms entering the (2, 1) mode.
Notably, the PN based analysis aimed at explaining this

Very limited checks of  
the model for large-mass-ratio, 
large spins 

Short (10-12 cycles) waveforms 

Ringdown & dynamics



Evident issues? 

who’s right? 
EOB or NR?
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FIG. 2. Left panel: EOB/NR unfaithfulness computation for the ` = m = 2 mode versus SXS waveform data. We consider in
this plot all SXS waveforms publicly released before February 3, 2019. Right panel: same computation done for BAM waveform
data. A subset of all this data is used to inform the (ac

6, c3) EOB functions.
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FIG. 3. EOB/NR ` = m = 2 unfaithfulness computation with
SXS waveform data publicly released after February 3, 2019
but before April 19, 2019. None of these datasets was used to
inform the TEOBResumS model, neither in the dynamical EOB
functions (ac

6, c3) , nor in the postmerger waveform part. It
is remarkable that max(F̄ ) is always below 0.5% except for
five outliers (highlighted with solid, colored, lines), that how-
ever never exceed the 1% threshold. The three exceptionally
long waveforms, each one developing more than 139 GW cy-
cles before merger, SXS:BBH:1414, 1415 and 1416, are de-
picted in blue. The function F̄ for (1.50, 0.50, 0.50), labeled
as SXS:BBH:1415, developed a rather unusual behavior for
low masses. See Fig. 4 and text for discussion.

SXS:BBH:1377 (1.1,�0.4,�0.7). Of these datasets, only
the first one is public through the SXS catalog. The same
paper also pointed out that the same feature is present in
the EOB resummed waveform (both in orbital-factorized
and non-orbital factorized form). An explanation of this
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FIG. 4. EOB/NR phasing comparison for SXS:BBH:1415,
(1.5, 0.5, 0.5). Note that it doesn’t seem possible to flatten
the phase di↵erence up to t/M ' 1 ⇥ 105. The vertical
lines indicate the alignment frequency region [M!L,M!R] =
[0.038, 0.042]. This may explain the corresponding behavior
of F̄ in Fig. 3 and suggests that the waveform behavior might
be influenced by some systematic e↵ect.

phenomenon was suggested on the basis of leading-order
considerations, that were similarly proven using a 3PN-
based analysis. As a matter of fact, Ref. [14] compared
the PN prediction for frequency at which the (2, 1) mode
as a minimum with the NR-deduced value. From this
PN-based analysis they argued that the phenomenon
comes from a compensation between the spinning and
leading-order nonspinning terms entering the (2, 1) mode.
Notably, the PN based analysis aimed at explaining this
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amplitude, but they adopt the simpler nonspinning fits
for the parameters entering the postpeak waveform de-
scription; (iii) the (3, 1) and (4, 1) mode only rely on
nonspinning information. The values at the NQC deter-
mination points are either obtained with dedicated fits
of the corresponding NR quantities, or directly from the
postpeak behavior. All considered, this approach allows
one to obtain a rather robust description of the ringdown
waveform all over the parameter space.

C. NR-informed EOB functions: ac
6 and c3

Finally, we discuss the NR-informed functions that en-
ter the EOB dynamics. For a

c
6(⌫), we use the function

determined in Paper I. Note that this was obtained using
the Padé resummed P

4
2 [⇢

orb
22 ] description of the residual

` = m = 2 waveform amplitude hybridized with test-
particle terms up to 6PN. For simplicity, we adopt it here
even if we are here using ⇢

orb
22 at 3+2 PN accuracy. The

di↵erences in the dynamics, at the nonspinning level, are
consistent with the NR uncertainty, so it is not worth to
proceed with a new, more consistent, determination of
this function. The expression adopted from Paper I is

a

c
6 = n0

1 + n1⌫ + n2⌫
2 + n3⌫

3

1 + d1⌫
, (12)

where

n0 = 5.9951, (13)

n1 = �34.4844, (14)

n2 = �79.2997, (15)

n3 = 713.4451, (16)

d1 = �3.167. (17)

This, together with the new analytical description of the
spin-sector of the waveform (and radiation reaction) im-
plies a new determination of c3. This is determined pre-
cisely following Sec. IIB.2 of Ref. [21], i.e. by determining
the good values of c3 such that the EOB/NR dephasing is
within the nominal NR phase uncertainty at NR merger.
This is done using 32 NR datasets, 30 from SXS and 2
from the BAM code. The configurations used are listed
in Table II, together with the value of c3 that assures an
EOB/NR phasing at merger that is smaller than (or com-
parable with) the nominal numerical uncertainty. Note
also that these values are such to assure that the EOB
frequency evolution towards merger is correctly repro-
ducing the corresponding NR one. The data of Table II
are fitted with a global function as c3(⌫, ã0, ã12) that is
actually simplified with respect to previous work. The fit
template reads

c3(ã1, ã2, ⌫) = p0
1 + n1ã0 + n2ã

2
0 + n3ã

3
0 + n4ã

4
0

1 + d1ã0

+ p1ã0⌫
p
1� 4⌫ + p2 (ã1 � ã2) ⌫

2
, (18)

TABLE II. Binary configurations and first-guess values of c3
used to inform the global interpolating fit given in Eq. (18).
The configurations marked with an ⇤ correspond to NR data
obtained with the BAM code.

# (q,�A,�B) c

first guess
3

1 (1,�0.95,�0.95) 88

2 (1,�0.90,�0.90) 85.5

3 (1,�0.80,�0.80) 81

4 (1,�0.60,�0.60) 71.5

5 (1,+0.20,+0.20) 38.0

6 (1,+0.60,+0.60) 22.0

7 (1,+0.80,+0.80) 15.5

8 (1,+0.85,+0.85) 14.5

9 (1,+0.90,+0.90) 13.9

10 (1,+0.95,+0.95) 13.4

11 (1,+0.99,+0.99) 13.0

12 (1,�0.50, 0) 56.6

13 (1,+0.90, 0) 27.0

14 (1,+0.90,+0.50) 18.50

15 (1,+0.50, 0) 32

16 (1.5,�0.50, 0) 58.5

17 (2,+0.60, 0) 29.0

18 (2,+0.60,+0.60) 21.5

19 (2,+0.85,+0.85) 15.0

20 (3,�0.50, 0) 61.1

21 (3,�0.50,�0.50) 71

22 (3,+0.50, 0) 26.2

23 (3,+0.50,+0.50) 23.7

24 (3,+0.60,+0.60) 21.5

25 (3,+0.85,+0.85) 13.5

26 (5,�0.50, 0) 63.0

27 (5,+0.50, 0) 30.0

28 (8,�0.90, 0) 64.0

29 (8,�0.50, 0) 57.0

30 (8,+0.50, 0) 25.5

31 (8,+0.80, 0)⇤ 23

32 (8,+0.85,+0.85)⇤ 14.5

where the parameters are

p0 = 46.323097, (19)

n1 = �1.418623, (20)

n2 = 0.457118, (21)

n3 = 0.000435, (22)

n4 = 0.097791, (23)

d1 = �0.519003, (24)

p1 = 46.2914, (25)

p2 = �103.0997. (26)

Figure 1 highlights that the span of the “best” (first-

32 “calibration” dataset 
(+ 6 nonspinning datasets)effective spin-orbit parameter
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FIG. 1. The first-guess c3 values of Table II versus the spin
variable ã0 ⌘ S1/(m1M)+S2/(m2M). The unequal-spin and
unequal-mass points can be essentially seen as a correction to
the equal-mass, equal-spin values.

guess) values of c3 is rather limited (especially for pos-
itively aligned spins) around the equal-mass, equal-spin
case. At a practical level, this eases up the fitting proce-
dure, that is made in two steps. In the first step, one fits
the equal-mass, equal-spin data with a quasi-linear func-
tion of ã0 = ã1 + ã2 with ã1 = ã2. This delivers the six
parameters (p0, n1, n2, n3, n4, d1). Note that the analyt-
ical structure of the fitting function was chosen in order
to accurately capture the behavior of c3 for ã0 ! 1. In
the second step one subtracts this fit, computed for the
unequal-mass, unequal-spin data, from the correspond-
ing c

first�guess
3 values and fits the residual. This gives the

parameters (p1, p2). The novelty with respect to Ref. [21]
is that, thanks to the new analytical improvements, one
finds that the unequal-spin and unequal-mass correction
can be represented, in Eq. (18), with acceptable accu-
racy, only with the two parameters (p1, p2). We dare to
speculate that the simplicity of the behavior of c3 ver-
sus ã0, and the related structure that appears in Fig. 1,
might suggest that the model might be missing some,
rather fundamental, analytical information. Once identi-
fied, this may allow us to reduce (if not totally eliminate)
the need of NR-informing (or calibrating) the spin sector
of the model.

III. THE ` = m = 2 MODE: EOB/NR
UNFAITHFULNESS

We start discussing the performance of the new model
in terms of unfaithfulnesses plots for the ` = m = 2
mode. Figure 2 reports the values of EOB/NR F̄ versus
total binary mass evaluated over the same NR waveform
data used in Ref. [21], with the SXS data in the left

panel and the BAM data in the right panel. As men-
tioned above, a subset of this data, listed in Table II,
(both SXS and BAM) was used to inform the c3(⌫, ã1, ã2)
function. The global performance of the model is largely
improved with respect to Ref. [21], due to the various an-
alytical additions in the model. Remarkably, the model
performs well also for large mass ratios and large spins,
without any outlier above the 1% threshold. More pre-
cisely, max(F̄ ) . 0.5⇥ 10�2 all over this part of the SXS
catalog.
While this paper was being written, the SXS collabo-

ration released publicly another 97 NR waveform at an
improved accuracy. We consider here the data that were
released up to February 3, 2019. This part of the catalog
essentially covers the same region of parameter space
of the previous data, except for a few waveforms that
happens to be the region of mass ratios between 4 and
6, with relatively high spins that were not considered
before. In addition, also extremely long waveforms,
more than 100 orbits, were released. As an additional
cross check of the robustness and accuracy of our
model, we compute F̄ all over these new NR waveform
data. The result is displayed in Fig. 3. Remarkably,
we find that max(F̄ ) remains below the 1% threshold.
More precisely, one only gets 4 outliers above the 0.5%
threshold, (5.84,+0.66,+0.79), (6.04,+0.80,+0.15),
(6.48,+0.72,�0.32) and (5.64,+0.77,+0.31). Although
this is within the usually accepted limits, such worsening
of the global performance is not that surprising since in
that specific corner of the parameter space we couldn’t
rely on any double-spin waveforms to improve the
determination of c3. Note in particular that we didn’t
use the (4,+0.75,+0.75) BAM data, because the error
during the inspiral is expected to be larger than for SXS.
Yet, we believe that it is quite remarkable the exhibited
robustness of our model, since it is able to deliver rather
accurate waveforms without any additional external
input also in a region of the parameter space that was
not previously covered by NR simulations.

Finally, the global view of the model performance is
summarized in Fig. 5, that shows together all the max (F )
values. Globally, thanks to the additional analytical in-
formation incorporated and to the improved waveform
resummation TEOBiResumSMultipoles is currently the
EOB model that can show the highest NR faithfulness
for the ` = m = 2 mode.

IV. HIGHER MULTIPOLAR MODES

A. Peculiar behavior of m = 1 waveform
amplitudes for 1  q  2.

Reference [14] pointed out that a few NR simulations
exhibit a minimum in the (2, 1) mode amplitude in the
late inspiral phase. Such behavior was found in 4 SXS
datasets: SXS:BBH:0254 (2,+0.6,�0.6); SXS:BBH:0612
(1.6, 0.5,�0.5); SXS:BBH:0614 (2,+0.75,�0.5); and
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amplitude, but they adopt the simpler nonspinning fits
for the parameters entering the postpeak waveform de-
scription; (iii) the (3, 1) and (4, 1) mode only rely on
nonspinning information. The values at the NQC deter-
mination points are either obtained with dedicated fits
of the corresponding NR quantities, or directly from the
postpeak behavior. All considered, this approach allows
one to obtain a rather robust description of the ringdown
waveform all over the parameter space.

C. NR-informed EOB functions: ac
6 and c3

Finally, we discuss the NR-informed functions that en-
ter the EOB dynamics. For a

c
6(⌫), we use the function

determined in Paper I. Note that this was obtained using
the Padé resummed P

4
2 [⇢

orb
22 ] description of the residual

` = m = 2 waveform amplitude hybridized with test-
particle terms up to 6PN. For simplicity, we adopt it here
even if we are here using ⇢

orb
22 at 3+2 PN accuracy. The

di↵erences in the dynamics, at the nonspinning level, are
consistent with the NR uncertainty, so it is not worth to
proceed with a new, more consistent, determination of
this function. The expression adopted from Paper I is

a

c
6 = n0

1 + n1⌫ + n2⌫
2 + n3⌫

3

1 + d1⌫
, (12)

where

n0 = 5.9951, (13)

n1 = �34.4844, (14)

n2 = �79.2997, (15)

n3 = 713.4451, (16)

d1 = �3.167. (17)

This, together with the new analytical description of the
spin-sector of the waveform (and radiation reaction) im-
plies a new determination of c3. This is determined pre-
cisely following Sec. IIB.2 of Ref. [21], i.e. by determining
the good values of c3 such that the EOB/NR dephasing is
within the nominal NR phase uncertainty at NR merger.
This is done using 32 NR datasets, 30 from SXS and 2
from the BAM code. The configurations used are listed
in Table II, together with the value of c3 that assures an
EOB/NR phasing at merger that is smaller than (or com-
parable with) the nominal numerical uncertainty. Note
also that these values are such to assure that the EOB
frequency evolution towards merger is correctly repro-
ducing the corresponding NR one. The data of Table II
are fitted with a global function as c3(⌫, ã0, ã12) that is
actually simplified with respect to previous work. The fit
template reads

c3(ã1, ã2, ⌫) = p0
1 + n1ã0 + n2ã

2
0 + n3ã

3
0 + n4ã

4
0

1 + d1ã0

+ p1ã0⌫
p
1� 4⌫ + p2 (ã1 � ã2) ⌫

2
, (18)

TABLE II. Binary configurations and first-guess values of c3
used to inform the global interpolating fit given in Eq. (18).
The configurations marked with an ⇤ correspond to NR data
obtained with the BAM code.

# (q,�A,�B) c

first guess
3

1 (1,�0.95,�0.95) 88

2 (1,�0.90,�0.90) 85.5

3 (1,�0.80,�0.80) 81

4 (1,�0.60,�0.60) 71.5

5 (1,+0.20,+0.20) 38.0

6 (1,+0.60,+0.60) 22.0

7 (1,+0.80,+0.80) 15.5

8 (1,+0.85,+0.85) 14.5

9 (1,+0.90,+0.90) 13.9

10 (1,+0.95,+0.95) 13.4

11 (1,+0.99,+0.99) 13.0

12 (1,�0.50, 0) 56.6

13 (1,+0.90, 0) 27.0

14 (1,+0.90,+0.50) 18.50

15 (1,+0.50, 0) 32

16 (1.5,�0.50, 0) 58.5

17 (2,+0.60, 0) 29.0

18 (2,+0.60,+0.60) 21.5

19 (2,+0.85,+0.85) 15.0

20 (3,�0.50, 0) 61.1

21 (3,�0.50,�0.50) 71

22 (3,+0.50, 0) 26.2

23 (3,+0.50,+0.50) 23.7

24 (3,+0.60,+0.60) 21.5

25 (3,+0.85,+0.85) 13.5

26 (5,�0.50, 0) 63.0

27 (5,+0.50, 0) 30.0

28 (8,�0.90, 0) 64.0

29 (8,�0.50, 0) 57.0

30 (8,+0.50, 0) 25.5

31 (8,+0.80, 0)⇤ 23

32 (8,+0.85,+0.85)⇤ 14.5

where the parameters are

p0 = 46.323097, (19)

n1 = �1.418623, (20)

n2 = 0.457118, (21)

n3 = 0.000435, (22)

n4 = 0.097791, (23)

d1 = �0.519003, (24)

p1 = 46.2914, (25)

p2 = �103.0997. (26)

Figure 1 highlights that the span of the “best” (first-

ai = Si/(mi M)
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2

ter that the first, least-damped, QNM is factored out.
The primary fit e↵ectively models the presence of all the
higher QNMs, that are characterized by lower frequencies
and shorter damping times than the fundamental one.
Ref. [3] focused on the equal-mass, equal-spin case only
and thus used only the corresponding subset of the Simu-
lating eXtreme Spacetimes (SXS) [4] catalog of numerical
waveform data. All SXS waveforms were obtained with
the Spectral Einstein Code [5–12]. We generalize here the
interpolating expressions of Ref. [3], by including almost
all the unequal-mass, unequal-spin dataset present in the
SXS catalog. We thus build a general analytical expres-
sion of the post-merger waveform that is a function of the
symmetric mass ratio ⌫ ⌘ m1m2/(m1 + m2)2 and of the
dimensionless spins �1,2 ⌘ S1,2/(m1,2)2 of the two black
holes as well as of the final mass MBH and (complex) fre-
quency �1 of the fundamental QNM of the final remnant.
Although we restrict, for simplicity, to considering only
the ` = m = 2 mode, the method discussed here may be
extended to model the post-merger part of subdominant
multipolar modes 1. The interpolating fit presented here
is also now part of the NR-calibrated EOB ihes [14, 15].

II. TEMPLATE CONSTRUCTION

We begin by introducing a convenient notation. The
multipolar decomposition of the waveform is given by
h+ � ih⇥ =

P
`,m h`m�2Y`m(✓,�), and we focus on the

` = m = 2 “post-merger”, ⌫-scaled, waveform,

h(⌧) ⌘ 1
⌫

Rc2

GM
hpostmerger

22 (⌧), (1)

where M ⌘ m1 + m2 is the total mass and R is the
distance of the source. The time ⌧ = (t � tM)/MBH

counts time in units of the mass of the final black hole,
MBH, and tM is the merger time. The QNM-rescaled

ringdown waveform h̄(⌧) of [3] h(⌧) is defined as h(⌧) ⌘
e��1⌧�i�0 h̄(⌧), where �1 ⌘ ↵1 + i!1 is the (dimension-
less, MBH-rescaled) complex frequency of the fundamen-
tal (positive frequency, !1 > 0) QNM of the final black
hole and �0 is the value of the phase at merger. The
(complex) function h̄(⌧) is then decomposed in ampli-
tude and phase as

h̄(⌧) ⌘ Ah̄ei�h̄(⌧). (2)

1 This might be more complicated for modes like the (3, 2) that
show features due to mode-mixings that are mostly gauge fea-
tures. One should explore whether the procedure discussed here
is easily applicable once the waveform is written in the appropri-
ate frame [13]

TABLE I: The ⌫-dependence of the coe�cients in Eq. (10).

A↵21 = �0.0185533 ⌫ �0.0166417

B↵21 = �0.0594092 ⌫ �0.0157896

C↵21 = �0.100191 ⌫ +0.19044

A↵1 = �0.0123998 ⌫ �0.00791069

B↵1 = �0.0421559 ⌫ �0.00365094

C↵1 = �0.040671 ⌫ +0.0919055

AcA
3

= +0.417778 ⌫ �0.0175206

BcA
3

= +0.0243799 ⌫ �0.22621

CcA
3

= +0.953089 ⌫ �0.592121

A
c�
3

= +12.9727 ⌫ �0.350191

B
c�
3

= �0.249142 ⌫ +3.10091

C
c�
3

= �1.6901 ⌫ +4.44107

A
c�
4

= +23.3553 ⌫ +1.9222

B
c�
4

= �0.448352 ⌫ +4.99249

C
c�
4

= �3.05867 ⌫ +2.70508

A�! = +0.129442 ⌫ +0.0232987

B�! = +0.165507 ⌫ +0.0517482

C�! = +0.383848 ⌫ +0.0850474

AÂmrg
22

= +0.229867 ⌫ �0.0411679

BÂmrg
22

= �0.450254 ⌫ +0.107428

CÂmrg
22

= +0.742481 ⌫ +1.38748

A!mrg
22

= �0.285624 ⌫ +0.0903558

B!mrg
22

= �0.185274 ⌫ +0.12597

C!mrg
22

= +0.405274 ⌫ +0.258643

Reference [3] found that Ah̄ and �h̄ can be accurately
represented by the following general functional forms

Ah̄(⌧) = cA
1 tanh(cA

2 ⌧ + cA
3 ) + cA

4 , (3)

�h̄(⌧) = �c�
1 ln

 
1 + c�

3e�c�
2 ⌧ + c�

4e�2c�
2 ⌧

1 + c�
3 + c�

4

!
. (4)

As in Ref. [3], only three of the eight fitting coe�cients,
(cA

3 , c�
3 , c�

4 ), are independent and need to be fitted di-
rectly. The others can be expressed in terms of four other
physical quantities: (↵1, ↵21,�!, Âmrg

22 )

cA
2 =

1
2
↵21, (5)

cA
4 = Âmrg

22 � cA
1 tanh(cA

3 ), (6)

cA
1 = Âmrg

22 ↵1
cosh2(cA

3 )
cA
2

, (7)

c�
1 = �!

1 + c�
3 + c�

4

c�
2 (c�

3 + 2c�
4 )

, (8)

c�
2 = ↵21, (9)
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FIG. 1: Straightforward evaluation of the performance of the
general postmerger template obtained from Eq. (10) and Ta-
ble I. The two waveforms are aligned just by imposing the the
phase di↵erence is zero at merger point. The corresponding
NR phases at merger are listed in Table III for completeness.

di↵erences may be relevant when the interpolating fit is
used to provide the post merger waveform in EOB mod-
els, as the one of Refs. [14] and more recently of Ref. [? ],
that is calibrated to a much larger set of NR SXS wave-
forms (part of which are now public) than those used
here. The precise assessment of the quality of the cur-
rent post merger model for EOB purposes is outside the
scope of this work and will be discussed in future stud-
ies. Note, however, that the quality of the primary fitting

and 3. Despite the availability of this new data, we have cho-
sen not to incorporate them in the construction of the template
in the current analysis, but only to use a few of them to vali-
date the interpolating template well outside its “calibration” do-
main. The new datasets used for this aim are: SXS:BBH:0257,
SXS:BBH:0211,SXS:BBH:0292,SXS:BBH:0293. The incorpora-
tion of, at least part of, this large amount of NR data in the
template construction, together with a few structural modifica-
tions outlined above, is expected to strongly improve its perfor-
mance and will be systematically pursued in future work.
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FIG. 2: Performance of the primary fit on dataset
SXS:BBH:0305. The thick red region in the top panel marks
the time interval where the fit is actually done. The phase dif-
ference at merger is consistent with the general interpolating
fit after time and phase alignment (green line in Fig. 3).

procedure for a single NR dataset is typically very good;
it is illustrated in Fig. 2, for the case of SXS:BBH:0305.
For this GW150914-like waveform, the phase and ampli-
tude (relative) di↵erences are of the order of 1%.

Since our final aim is to use the analytic post merger
waveform as an actual template for parameter estima-
tion, we have the arbitrarily of defining it modulo an
arbitrary time and phase shift. As a consequence, it
also makes sense to compare the analytical and numeri-
cal waveform by aligning them fixing these two arbitrary
constants. We use here the alignment procedure intro-
duced in Sec. VA of Ref. [21] and extensively used in sub-
sequent EOB works (see e.g. [14] and references therein).
The phase and time shift are is chosen so that the phase
di↵erence is minimized over a small frequency interval
after merger. We use an interval because, in general,
in this way the alignment procedure is more robust and
less a↵ected by numerical artifacts that may be present
in the numerical waveforms. The minimization interval
is chosen to be MBH[!L, !R] = MBH!mrg[1.05, 1.20] and
it always ends before the final phase dominated by the
fundamental mode is reached.

We report our findings in Fig. 3. The phase di↵erence
(top panel) averages zero, with the largest di↵erences of
⇠ 0.1 rads arising at the latest stages of the template,
where the NR waveform gets progressively dominated by
numerical oscillations (e.g., due to the radius extrapo-
lation procedure, see also discussion in [3]). The frac-

tional amplitude di↵erences (bottom panel) tend to be
5%  �A/A  15%, with similar increasing oscillations
as time progresses. Note that, for any of these config-
urations, the primary fit done with the template given
by Eq. (2) is extremely accurate, with phase di↵erences
of the order of the expected numerical uncertainties, i.e.
1⇥ 10�2 rads for the phase, and 1% for �A/A (see be-
low). This suggests that the largest source of uncertainty
is the interpolation procedure in the (⌫, ã1, ã2) space.
More NR simulations of asymmetric systems (⌫ 6= 1/4,

↵21 = ↵2 � ↵1

�! ⌘ !1 �MBH!mrg
22

Good performance of primary fits (modulo details...) 

Do this for various NR dataset and then build up 
a (simple-minded) interpolating fit 

Black-list:  
(1) mode mixing: not included (yet) 
(2) large-mass ratios/high spin: NR input needed 
(3) consistency with EMRL (to be improved) 
(4) improve/check over all datasets (SXS & BAM for 
      large mass-ratios & consistency with EMRL) 
(5) Higher modes.



Special behavior: (2,1) mode 
Amplitude of the (2,1) mode can develop zeros  [Cotesta+ 2018]. 
Nearly equal-mass binaries, as well for other m=odd modes

9

5000 5020 5040 5060 5080 5100 5120
0

0.05

0.1

0.15

0.2

0.25

0.3

j*
21

j=
[8

c 3
(8

)]

2500 3000 3500 4000 4500 5000 5500
t=M

0

0.005

0.01

0.015

j*
21

j=
[8

c 3
(8

)]

NR
EOB

(1:9;+0:70;!0:80)

FIG. 7. PR: Line dashed in legend Mode (2, 1): compari-
son between the EOB amplitude (orange) and the correspond-
ing NR one from dataset SXS:BBH:1466. The purely analyti-
cal EOB waveform multipole is able to accurately predict the
location of the minimum (that analytically corresponds to a
zero) consistently with the one found in the NR data. The
excellent agreement is obtained naturally, without the need of
calibrating any additional parameter entering the waveform
amplitude.

form amplitude, that develops a zero highlighted by a
marker. This zero precisely corresponds to the zero of
the f̂

S
21 function once evaluated at x = (M⌦)2/3. To

be quantitative, the last row of Table III lists the corre-
sponding frequency, that is identical to the NR-extracted
value reported in the corresponding last column of Ta-
ble I of [14]. To check the model further, we explored
also the other two cases in the Table, similarly finding
a rather good agreement between the EOB orbital fre-
quency corresponding to the zero and the NR value1.

The closeness between these numbers pushed us to go
one step further: we investigated for which values of spin
and mass ratio the analytical (2, 1) amplitude develops a
zero before merger frequency. Comparing with the con-
figurations available through the SXS catalog (notably
those released up to February 3, 2019), we found that
the parameters of dataset SXS:BBH:1466 are such that
the zero in the amplitude occurs at a frequency that
is smaller than the merger frequency. We then explic-

1 Note that Ref. [14] does not explain how their M⌦NR
0 is com-

puted. We may imagine that it is just given by the NR orbital
frequency divided by two, which is slightly di↵erent from the
EOB orbital frequency we include due to the presence of tail
terms and other e↵ects.
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FIG. 8. Mode (3, 1): comparison between the EOB ampli-
tude (orange) and the corresponding NR one from dataset
SXS:BBH:1496, (1.1584,+0.7997,+0.0285). While the analyt-
ical waveform has a zero because of f̂31, the NR one just shows
a glimpse of a global minimum, probably because if insu�-
cient numerical resolution. Note however the excellent qual-
itative and quantitative consistency between the two wave-
forms up to that point.

itly checked the (2, 1) mode of this simulation and, as
illustrated in Fig. 7, we found it has, as expected, a lo-
cal minimum. Even more remarkably, such minimum is
very consistent with the zero of the analytic EOB wave-
form. This finding illustrates that, by itself, the ana-
lytic waveform is able to correctly take into account the
structure found in the numerical waveform and no addi-
tional calibration is, in principle, needed. Note however
that the analytical waveform does not have a zero for a
configuration like (2,+0.60,�0.60), whose corresponding
NR waveform have a clean minimum rather close to the
merger frequency. It remains open the question, to be ad-
dressed in future work, whether higher-order PN terms
(e.g. those obtained after hybridization with test-mass
results) can account for this feature.
Confident in our analytical understanding, and seen

the structure of the spin behavior of the other m = odd
modes, we explored whether some of the other modes can
develop a zero at a frequency smaller than the merger
frequency. We found this happens for several modes. In-
terestingly, inspecting the SXS catalog available up to
February 3, 2019, we found that there is a configura-
tion, where, analytically, we may expect a zero in the
(3, 1) mode. This is SXS:BBH:1496, with parameters
(1.1584, 0.7997, 0.0285). Fig. 8 compares the analytical
EOB waveform amplitude with the NR one. We think
it is remarkable that the NR is consistent with the an-
alytic waveform (modulo some numerical oscillation) up
to t/M ' 5050. At this time the NR waveform devel-

Analytical difficulty: getting  
the (2,1) mode amplitude correct 
up to merger-ringdown

SEOBNRv4-HM: the minimum is 
not modeled

Riemenschneider, Nagar+, in prep, 2019
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cal minimum. Even more remarkably, such minimum is
very consistent with the zero of the analytic EOB wave-
form. This finding illustrates that, by itself, the ana-
lytic waveform is able to correctly take into account the
structure found in the numerical waveform and no addi-
tional calibration is, in principle, needed. Note however
that the analytical waveform does not have a zero for a
configuration like (2,+0.60,�0.60), whose corresponding
NR waveform have a clean minimum rather close to the
merger frequency. It remains open the question, to be ad-
dressed in future work, whether higher-order PN terms
(e.g. those obtained after hybridization with test-mass
results) can account for this feature.
Confident in our analytical understanding, and seen

the structure of the spin behavior of the other m = odd
modes, we explored whether some of the other modes can
develop a zero at a frequency smaller than the merger
frequency. We found this happens for several modes. In-
terestingly, inspecting the SXS catalog available up to
February 3, 2019, we found that there is a configura-
tion, where, analytically, we may expect a zero in the
(3, 1) mode. This is SXS:BBH:1496, with parameters
(1.1584, 0.7997, 0.0285). Fig. 8 compares the analytical
EOB waveform amplitude with the NR one. We think
it is remarkable that the NR is consistent with the an-
alytic waveform (modulo some numerical oscillation) up
to t/M ' 5050. At this time the NR waveform devel-
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FIG. 6. llustrative EOB/NR time-domain comparison for q = 6 (cor-
responding to SXS:BBH:0166) using TEOBiResumMultipoles.
Top row: phase difference and relative amplitude differences. Bot-
tom row: comparison between the real part of the waveform.

I

as they are obtained from the pure relative dynamics aug-
mented with the NQC factor that is not trustable after the
NQC point. Moreover, the ringdown losses are not in-
cluded. The correct extension fo the EOB Eb(p') curve be-
yond merger requires these details to be taken into accunt
and is postponed to future work. Finally, in the same fig-
ure we also show, as orange lines, the Eb(p') curves ob-
tained from SEOBNRv4 [60]. Note that, despite this model
being publicly available through the LIGO LALSuite [69]
library, the corresponding code is not giving, by default, the
evolution of the dynamics. Similarly to [68], we modified the
code in function XLALSimIMRSpinAlignedEOBModes,
contained in LALSimIMRSpinAlignedEOB.c, in or-
der to have access to this information. In particular we
were able to obtain an additional output file, containing
the full dynamics (t, r, ', pr⇤ , p', M⌦, E), when calling
lalsim-inspiral from command line. Then, exploit-
ing the waveform generated by lalsim-inspiral itself,
we computed the waveform amplitude, identified the merger
time tmrg corresponding to the amplitude peak, and finally,
straightforwardly, found Emrg

b ⌘ Eb(tmrg) and pmrg
' =

p'(tmrg). The changes made to LALSuite’s source code,
together with the data needed to reproduce Fig. 5, are pub-
licly available at [70]. Inspecting the top and bottom panel
of Fig. 5, and in particular the insets, we conclude that: (i)
for q = 1, SEOBNRv4 seems to overestimate the bind-
ing energy during the late stages of the dynamics up to
merger of about 1%. Note that, although this looks like
an acceptably small number, it is actually larger than the
numerical uncertainty on the curve [41, 67]. By contrast,
(ii) when q = 8 the various curves look more consistent
among themselves, although the SEOBNRv4 prediction of the
merger values is significantly different from either the NR or
the TEOBResumS/TEOBiResumMultipoles values. We
postpone to future investigations a detailed understanding of

FIG. 7. Mass ratio q = 6, SXS:BBH:0166. Comple-
ment to the phasing comparison of Fig. 6: frequency and ampli-
tude for (2, 2) (top) and (2, 1) (bottom) multipoles obtained with
TEOBiResumMultipoles. Orange (dashed) lines: purely ana-
lytical EOB waveform (ĥNQC

`m = 1). Blue lines: NQC-improved
waveform with NQC parameters determined by matching to a single
NR waveform point. Red lines: postpeak-ringdown part. Vertical
line: location of the peak of the (2, 2) mode. Mode-mixing is not
incorporated in the analytical ringdown description, so the EOB fre-
quency for the (2, 1) mode saturates to the plateau and, differently
from the numerical one, does not exhibit any oscillation. Note the
rather accurate representation of the frequency and amplitude already
achievable, essentially up to merger, using the purely analytical (non-
NQC corrected), EOB waveform.

the origin of these features of SEOBNRv4.

VII. PHASING ANALYSIS

A. Time-domain phasing analysis

Let us move now to assessing the quality of the multipolar
waveform. We do so by looking at the usual EOB/NR phase
differences as well as at comparisons between frequency and
amplitudes for the various multipoles. As for the case of en-
ergetics discussed above, we focus only on waveforms gener-
ated by TEOBiResumMultipoles. Aim of this section is
to demonstrate the following points: (i) the rather remarkable
agreement between frequency and amplitude, for all multi-
poles, that can be accomplished already with the bare EOB
waveform, even without the NQC correction factors; (ii) the
(rather small) effect brought by NQC corrections, that is more
important on the amplitude than on the frequency; (iii) the
fact that the transition to the ringdown (or postpeak) phase
can be done consistently multipole by multipole, in the sense
that the same procedure can be applied on each mode once
the relevant NR information is taken into account and prop-
erly represented; (iv) accurate description of the postpeak-
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FIG. 16. Mass ratio q = 6, SXS:BBH:0166. Frequency and amplitude comparison, ` = 3 and ` = 4 multipoles. Black line: NR data. Orange
(dashed) lines: bare EOB waveform. Blue lines: NQC-modified waveform; red line: postmerger-ringdown part. The vertical, dashed, line
marks the merger location. Note that mode-mixing is not incorporated in the analytical ringdown description.

robust, especially in view of its use in a forthcoming
spin-aligned multipolar waveform model.

(v) We have performed an extensive investigation of the
EOB/NR unfaithfulness varying both the mass ratio and
the direction of propagation of the waveform. The
global multipolar model was found to yield an unfaith-
fulness always < 3% for binaries of 50  M 
200M�. We could clearly probe that such degrada-
tion of the EOB/NR performance, that occurs for large
masses and only for some specific region of the param-
eter space with 1 . q . 2 is mainly due to uncertain-
ties in the NR higher modes that may be amplified due
to, for example, the extrapolation procedures. By con-
trast, one has also to remark that ¯F comfortably remains
below (or around) 1% up to total mass of the order of
100M�.

(vi) For the first time, we have provided an EOB-based de-
scription of the (3, 2) and (4, 3) waveform modes, al-
though we did so neglecting mode mixing effects. We
found that such approximation does not seem to espe-
cially degrade the performance of the model.

The TEOBiResumMultipoles model presented here will
be made publicly available as a stand-alone C-implementation
(notably complemented by the fast post-adiabatic approxi-
mation for the inspiral [77]) as well as within the LIGO
LALSuite library.
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Appendix A: Detailed amplitude and frequency EOB/NR
comparisons for higher modes

Let us collect, and discuss, in this Appendix some com-
plementary information behind the global view plot of Fig. 8.
Figures 16 and 17 show EOB/NR amplitude amplitude fre-
quency comparisons for the illustrative case SXS:BBH:0166,
with q = 6 for the ` = 3, ` = 4 and ` = m = 5 modes. As
above, the dashed vertical line identifies the merger point. In
general, the bare EOB frequency (orange, dashed line) gives a
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marks the merger location. Note that mode-mixing is not incorporated in the analytical ringdown description.
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FIG. 13. Unfaithfulness between TEOBiResumMultipoles
and SXS simulations for mass ratios using the zero-detuned high
power Advanced LIGO design sensitivity PSD. We show the min-
imum and maximum unfaithfulness over all angles (✓, '), demon-
strating that the worst case performance is always below 3%
for binaries with a total mass M . 200M�. Even though
TEOBiResumMultipoles neglects mode-mixing, we do not find
a significant degradation in performance when considering (3, 2)
mode (red curves) or all modes up to ` = 4 and the (5, 5) mode
(green curve). In the top panel, we restrict the analysis to q � 2 due
to the issues highlighted in the text. In the bottom panel, where we
neglect the (4, 4) mode, we find excellent agreement with NR down
to q = 1.

NR noise shows up only for some nearly-equal-mass configu-
ration when the (standard) extrapolation order N = 3 is used.
We recall that the SXS collaboration advises catalog users to
employ low values of N if one is interested in studying the
ringdown and large values of N if one is more focused on
the inspiral. Here, we use the N = 3 extrapolation order as
a reasonable compromise for the whole waveform, although,
as mentioned above, we use the N = 2 extrapolation order
for the post-merger fits as the NR data is typically cleaner.
This phenomenon is illustrated in the top panel of Fig. 14,
for SXS:BBH:0194. One sees that the N = 3 extrapola-
tion introduces an unphysical offset during the ringdown that
is reduced, though not completely eliminated, when using an
N = 2 extrapolation order. This systematic effect also shows
up in the unfaithfulness, which is shown in the bottom panel

FIG. 14. Top panel: systematic effects show up in the ` = m = 4
mode of SXS:BBH:0194 when extrapolated with the standard choice
N = 3. Bottom panel: Unfaithfulness against selected SXS simu-
lations using N = 3 extrapolated waveforms (dashed) and N = 2
extrapolated waveforms (solid). As the mass ratio increases, the dif-
ference between the two extrapolation orders becomes negligible.

of the Fig. 14 for several mass ratios. The dashed lines cor-
respond to using N = 3 data, while the solid lines are for
the N = 2 data. It is also interesting to note that the dif-
ferences between extrapolation orders becomes progressively
negligible as the mass ratio increases. In Fig. 15, we compare
TEOBiResumMultipoles against a non-spinning q = 18

BAM simulation, finding excellent agreement against the
model. In the bottom panel of the same figure we also
show the same comparison for the q = 6 SXS dataset. The
same kind of comparison is done in Fig. 16 of [30] for the
SEOBNRv4HM model, that incorporates the same number of
subdominant modes considered in this figure. We find that
the performance of TEOBiResumMultipoles on this par-
ticular SXS dataset is comparable to that of SEOBNRv4HM,
though slightly better especially for low masses. To ease this
comparison, in this case we used 20M� as lower-mass bound-
ary.

In conclusion, our analysis illustrates that the
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FIG. 15. Minimum and maximum unfaithfulness for
TEOBiResumMultipoles model against a BAM q = 18
waveform [74] (top panel) and an SXS q = 6 simulation (bottom
panel). In the top panel, the dot-dashed line shows the minimum
mass for which the entire NR waveform is in band. The EOB/NR
performance for q = 6 is comparable to (though slightly better
than) SEOBNRv4HM, for the same SXS dataset, as deducible by
comparison with Fig. 16 of Ref. [30].

EOB/NR ¯F comparison may be slightly misleading, with
TEOBiResumMultipoles delivering a faithful represen-
tation of the multipolar waveform also for nearly-equal-mass
binaries.

VIII. CONCLUSIONS

We have presented TEOBiResumMultipoles, a new,
NR-informed, EOB model for nonspinning black hole bina-
ries that incorporates higher multipolar waveform modes. The
multipoles are complete through merger and ringdown up to
` = m = 5 included. The additional waveform modes up to
` = 8 (including ` = 5, |m| < 5) are also included but they
rely on the, purely analytical, EOB-resummed waveform. In
practical terms, this means that the corresponding EOB GW
frequency !EOB

`m smoothly goes to zero after merger and does
not saturate to the plateau corresponding to the QNM excita-

tion. Up to the merger point, it generally delivers an excel-
lent approximation to the multipolar NR frequency !NR

`m . Our
main findings can be summarized as follows:

(i) At the pure analytical level, the major novelty intro-
duced here is that the ⌫-dependent terms entering the
factorized waveform amplitudes ⇢`m are hybridized
with test-particle information up to (relative) 6PN or-
der (i.e. each ⇢`m is given by a 6-th order polyno-
mial in some squared velocity variable). As a second
step, such polynomials are additionally resummed us-
ing Padé approximants consistently with test-particle
limit results [58]. This approach improves the robust-
ness of the waveform amplitude across the parameter
space, improves the stability of the NQC corrections
and bridges the gap, at least for what concerns the
waveform and radiation reaction effects, with the test-
particle limit [57, 58].

(ii) Each mode up to ` = m = 5 is completed through
merger and ringdown by means of the NQC correc-
tion factor and NR-informed post-merger behavior. The
transition between the inspiral-merger phase and the
post-merger ringdown can be easily, and naturally, per-
formed just after the peak of each multipole, at the NQC
determination point.

(iii) To have each separate EOB waveform multipole
(both the amplitude and phase) correct around
its own amplitude peak requires five functions
of ⌫ that are determined using NR simulations:
n

�tNR
`m , ANQC

`m , ˙ANQC
`m , !NQC

`m , !̇NQC
`m

o

. This allows us
to properly determine the NQC correction factor multi-
pole by multipole. This is a crucial piece of information
that must be added to the purely analytical description
of each waveform multipole in order to properly rep-
resent the very latest stages of the evolution, ⇠ 50M
before the peak. It is remarkable that such a straightfor-
ward procedure is so efficient in improving, multipole
by multipole, the circularized EOB waveform. This is
also the case for the m = 1 mode, where the impact
of the radial-momentum dependent terms can be par-
ticularly large. Note, however, that this approach only
works in conjunction with the structure of the multi-
polar waveform Newtonian prefactors, that should be
effectively modified relaxing, in a specific way that de-
pends on the multipole, Newton’s Kepler’s constraint
during the plunge in order to ease the action of the NQC
factor.

(iv) In order to gauge some of the analytical uncertainty
associated to the choices made in constructing a NR-
informed EOB model, we have contrasted the effect of
two different choices of radiation reaction. This corre-
sponds to two different and independent determinations
of ac

6(⌫) obtained through an EOB/NR phasing com-
parison. Eventually, we conclude that the choice made
for TEOBiResumMultipoles, that relies on Padé
resummed waveform amplitudes, is more accurate and

q=18
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FIG. 9. Illustrative spin-aligned configuration, (3,0.3,0.3). Top left: (2, 2) phasing alignment. Other panels: amplitude and
frequency comparisons for all modes up to (4, 2). In each subpanel we show: (i) the purely analytical EOB quantities (orange-
dashed); (ii) the NQC corrected quantities (light-blue); (iii) the waveform completed with the post-peak, ringdown part. For
all multipoles considered, it is remarkable the agreement between the NR frequency and the bare EOB one essentially up to
the merger location (vertical lines in each panel).

how simpler) determination of the EOB flexibil-
ity functions (ac6(⌫), c3(⌫, S1, S2)), that is di↵erent
from the one used in TEOBResumS [21]. We com-
puted the EOB/NR unfaithfulness for the (2, 2)
mode and found that it is always well below 1% all
over the SXS NR simulations released up to Febru-
ary 3, 2019 (that are more datasets than previous
work) as well as on BAM data. More precisely, the
max(F̄ ) is always below 0.5% except for four out-
liers, that graze the 1% level, in a region of mass
ratios were no simulations were previously avail-
able. This by itself is a strong indication of the
ability of our model to also robustly extrapolate
all over the parameter space. We also remark that
the performance of the model is largely improved,
with respect to Ref. [21], in the large-mass-ratio,

large-spin corner, notably for (8,+0.85,+0.85).

2. We have provided a prescription for completing
higher modes trough merger and ringdown. Such
prescription is the carbon copy of what previously
done in the nonspinning case and discussed in Pa-
per I. No new conceptual modification to the proce-
dure were introduced here. The novelty is the intro-
duction of the spin-dependence in the NR-informed
fits of the quantities needed to determine the NQC
parameters and the peak-postpeak (ringdown) be-
havior. Such fits are done factorizing some leading-
order spin contributions, as well as incorporating
test-mass information, in an attempt to reduce the
flexibility in the fits and to improve their robustness
all over the parameter space.

We found that for ` = m modes, up to ` = m = 5,

Higher modes: spin case
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where the functions (A,B) are defined
next. Being (S1, S2) the dimensionful spin magnitudes of
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Ŝ ⌘ (S1 + S2)/M2, Ŝ⇤ ⌘ (m2S1/m1 +m1S2/m2) /M2.
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.
The real EOB Hamiltonian is connected to the e↵ective

one Ĥe↵ ⌘ He↵/µ as
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The e↵ective Hamiltonian of TEOBResumS is written as the
sum of an “orbital” part (incorporating even powers of the
spins) and a spin-orbit part (incorporating odd powers of
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Each Hamiltonian implements a di↵erent deformation of
the Hamiltonian of a spinning particle on a Kerr back-
ground. More precisely: (i) both functions can be written
in terms of a “centrifugal radius” [? ] r

c

6= r̄
c

, each
reducing to the Kerr one in the ⌫ ! 0 limit so to incorpo-
rate part of the spin-spin interactions in resummed form;
(ii) Ĥ

ss

is an additional spin-spin Hamiltonian that takes
into account terms not included in r̄

c

; (iii) the spin-orbit
coupling part is encoded into the phase-space functions
(G

S

, G
S

⇤ , Ḡ0
S

,GS⇤ , Ŝ⇤) that, in the case of SEOBNRv4T, ex-
actly incorporate the linear-in-spin coupling of a spinning
particle with a Kerr black hole.

A. Centrifugal Radius

To clarify the meaning of (r
c

, r̄
c

) appearing in Eqs.
(2) (3), let us first recall the definition of the centrifu-
gal radius rK
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in the Hamiltonian of a test-particle on a
Kerr black hole of dimensionful spin SK and mass M
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In TEOBResumS, r2
c

is obtained by first replacing â ! ã0,
which takes into account, in resummed form, of spin-spin
interaction at leading order, and then by adding a cor-
rection, r2

c

! r2
c

+ �a2/r, to incorporate next-to-leading-
order (or even higher) spin-spin terms through the func-
tion �a2 [? ? ].

In SEOBNRv4T, one replaces in Eq. (4) â ! Ŝ which
yields

r̄2
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=
(r2 + Ŝ2)2 � Ŝ2�(r)
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= r2+2Ŝ2+

Ŝ2
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� Ŝ2�

u

, (6)

where �
u

⌘ �/r2 and � is obtained from �K by replac-
ing 1 � 2/r with the full orbital EOB potential Aorb, in
some resummed form, as detailed below. In the following
we also use u

c

⌘ 1/r
c

and ū
c

⌘ 1/r̄
c

.

B. A Function

For a Kerr black hole, the AK function is written as

AK =
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1� 2uK
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� 1 + 2uK

c

1 + 2u
. (7)

In the EOB formalism, this function is modified by ⌫-
dependent higher PN corrections that are then suitably
resummed. The PN-expansion of the orbital A func-
tion is analytically fully known at 4PN order APN

orb =
1�2u+2⌫u3+⌫a4u

4+⌫
�

ac5 + aln5 lnu
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u5. In TEOBResumS,
the 4PN APN

orb is first augmented by an e↵ective 5PN cor-
rections (ac6+aln6 lnu)u6 where ac6 is a parameter informed
by NR simulations after it is resummed by a (1, 5) Padé
approximant that yields

A = P 1
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)
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. (8)

For SEOBNRv4T, one starts by observing that Eq. (7) can
be expanded as

AK =
1� 2u+ â2u2

(1 + â2u2)2 � â2u2(1� 2u+ â2u2)
. (9)

Then, the function A is obtained by first replacing â ! Ŝ
and then substituting the block 1 � 2u + Ŝ2u2 with the
resummed potential �
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given by [? ]
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that is �
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orb when u ! 0. We finally have
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. (11)
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,GS⇤ , Ŝ⇤) that, in the case of SEOBNRv4T, ex-
actly incorporate the linear-in-spin coupling of a spinning
particle with a Kerr black hole.

A. Centrifugal Radius

To clarify the meaning of (r
c

, r̄
c

) appearing in Eqs.
(2) (3), let us first recall the definition of the centrifu-
gal radius rK

c

in the Hamiltonian of a test-particle on a
Kerr black hole of dimensionful spin SK and mass M

K

⇥

rK
c

⇤2
=
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u

. (11)

2

tion. Need of surrogate questionable. We use units where
G = c = 1.

II. EOB HAMILTONIANS

In order to describe the motion of two body of mass
m

i

and spin S
i

we use dimensionless phase space vari-
ables as: r ⌘ R/M the relative separation, p

r

⌘ P
r

/µ
the radial momentum conjugate to r, ' the orbital phase,
p
'

⌘ P
'

/(µM) the angular momentum and t = T/M the
dimensionless time. It is convenient to replace p

r

with
p
r

⇤ =
p

A/Bp
r

where the functions (A,B) are defined
next. Being (S1, S2) the dimensionful spin magnitudes of
the two objects, we define ã0 ⌘ S1/(m1M) + S2/(m2M),
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Ĥe↵ � 1
⌘

. (1)

The e↵ective Hamiltonian of TEOBResumS is written as the
sum of an “orbital” part (incorporating even powers of the
spins) and a spin-orbit part (incorporating odd powers of
the spins)
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yields

r̄2
c

=
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�

u5. In TEOBResumS,
the 4PN APN

orb is first augmented by an e↵ective 5PN cor-
rections (ac6+aln6 lnu)u6 where ac6 is a parameter informed
by NR simulations after it is resummed by a (1, 5) Padé
approximant that yields

A = P 1
5

⇥

APN
orb(uc

)
⇤ 1 + 2u

c

1 + 2u
. (8)

For SEOBNRv4T, one starts by observing that Eq. (7) can
be expanded as

AK =
1� 2u+ â2u2

(1 + â2u2)2 � â2u2(1� 2u+ â2u2)
. (9)

Then, the function A is obtained by first replacing â ! Ŝ
and then substituting the block 1 � 2u + Ŝ2u2 with the
resummed potential �

u

given by [? ]

�
u

= Ŝ2 (u� u+) (u� u�)⇥

⇥
"

1 + ⌫�0 + ⌫ ln

 

1 +
5
X

i=1

�
i

ui

!#

, (10)

that is �
u

! u2Ŝ2 +APN
orb when u ! 0. We finally have

A =
�

u

(1 + Ŝ2u2)2 � Ŝ2u2�
u

. (11)

Martinetti, Nagar+, 2018, in prep.

TEOBResumS SEOBNRv4

• spin-gauge (spin-orbit part) 
• spin-spin part 
• spinning-particle information 
• deformation from the Kerr case 
• NR calibration



Efficient waveform generation 
Post-adiabatic (PA) approximation for the inspiral (AN&Rettegno, 2018) 
ODE vs PA. Efficient also for O3?
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FIG. 3. Waveform comparison, ` = m = 2 strain mode: EOBPA inspiral (colors) versus EOB inspiral obtained solving the ODEs
(black). Note that the waveform is the purely analytical EOB one and no merger and ringdown modelization is inclued. The
orange vertical line marks the LSO crossing location on the time axis. The filled markers highlight the end of the PA inspirals.
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FIG. 4. Illustrative comparison between energies versus or-
bital angular momentum curves. The black vertical line marks
the EOB merger, while the orange one marks the EOB-LSO
crossing.

if we substitute the previous relation and define some new
parameters we have:

H
ns

= Ḡ0
S

Ŝp
'

+

s

A
✓

1 + p2
'

ū2
c

+
p2
r

⇤

A

◆

(A22)

where:

ū2
c

=
⌃

⇤
t

(A23)

Ḡ0
S

= 2uū2
c

(A24)

A =
�

t

⌃

⇤
t

=
�

u

↵
a

(A25)

B =
1

�
u

D�1
b

(A26)

p
r

⇤ =

r

A
Bp

r

(A27)

and A and ū
c

are connected from the following relation:

A =
ū2
c

u2
�

u

(A28)

and consequently:

@
u

A
A = 2

@
u

ū
c

ū
c

� 2

u
+

@
u

�
u

�
u

(A29)

4. Spin-Orbit part

For equatorial orbits H
so

is taken from eqs. (45) in [?
] and is written:

SEOBNRv4-Ham

• TEOBResumS speed comparable to Phenom speed 
• No need of EOB surrogate.  
• SEOBNRv4 implementation in progress (+AEI people)
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FIG. 1. Waveform comparison, ` = m = 2 strain mode: EOBPA inspiral (colors) versus EOB inspiral obtained solving the
ODEs (black). The light-gray curve also incorporates the EOB merger and ringdown. The orange vertical line marks the EOB
LSO crossing for (1,�0.99,�0.99) and (3,+0.80,�0.20), while it corresponds to r = 6-crossing for (1,+0.99,+0.99). The filled
markers highlight the end of the PA inspirals. The 4PA approximation already delivers an acceptable EOB/EOBPA agreement
for both phase, �, and amplitude, A. This is improved further by the successive PA approximations. At 8PA, the GW phase
di↵erence is . 10�3 rad up to ⇠ 3 orbits before merger.
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FIG. 2. Illustrative comparison between energies versus or-
bital angular momentum curves. The black vertical line
marks the EOB merger, while the orange one marks the EOB-
LSO crossing. The EOB/EOBPA agreement is excellent up to
the range of validity of each PA order (filled markers).

ties ⇤A = ⇤B = (2/3)k2/C5 = 392, where k2 is the
quadrupolar relativistic Love number [? ? ? ? ? ],
and C is the star compactness. This picture is stable

TABLE I. Illustrative performance comparison between the
C++ implementation of TEOBResumS with ODE solver and
the corresponding 8PA Matlab implementation for the fidu-
cial BNS system of Fig. 3. The sampling rate of the ODE is
4096 Hz, corresponding to �t ' 18M . The EOBPA waveform
is obtained from NPA

r radial points. The runs are done on a
MacBook Pro, with Intel Core i7, 3.5GHz, 16GB RAM.

f0 [Hz] Rmax/M NPA
r ⌧ODE

run [s] ⌧PA
run [s]

10 178.73 1143 6.12 0.09

20 112.73 702 1.17 0.08

30 86.029 524 0.49 0.065

when changing equation of state (EOS) and/or incorpo-
rating the spins. For simplicity, the EOBPA model we
discuss here was implemented in Matlab without any op-
timization strategy. Table I contrasts the performance
of such Matlab implementation with the C++ version of
TEOBResumS [? ] for a few long inspirals. The radial
PA grid has �r = 0.15M , but, as before, the EOBPA

waveform remains stable even with coarser grids up to
�r = 0.4. We note in passing that the 8PA running time
is comparable to (and actually smaller than) the one pro-
vided by the TEOBResum ROMmodel for nonspinning BNSs

TEOBResumS

Martinetti, Nagar+, 2018, in prep.



Careful with high SNR 
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Open questions: 

From Analytical Relativity:

• Enlarge the span of NR simulations: large q, large spins. 
    Targeted simulations for specific tasks. 
• How accurate our analytical inspiral is/can be ? 
• How accurate our analytical ringdown can be? 
• Improving/testing higher modes 

• Different EOB formulation/gauges: change Hamiltonian 
• Different resummation strategies  
• Additional analytical information 
• PM vs PN? What about GSF information? 
• Proper modelization of (2,1) mode looks challenging. 

From Numerical Relativity:


