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Discrete wavelets
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Q-transforms

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Q-transform of the H1 
signal in the GW150914 
discovery paper



Q-transform: pro's and con's

• defining equations

• the Q-transform is intermediate between the Short Time Fourier Transform and the continuous wavelet transform 
with the Morlet wavelets. 

• optimal resolution reaching the Gabor limit, thanks to the Gaussian envelope 

• the Q parameter lets us balance time and frequency resolution, given that 

• optimized Q parameter (based on minimal mismatch between overlapping wavelets)

• not invertible, therefore no further processing of the transformed signals is possible
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ω(Q)
ω =

Q

4εϑ
; ω(Q)

ε =
ϑ

Q

Virtuoso and Milotti – Fast deglitching – 4th ET Annual Meeting 4
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Invertible Q-transform

• defining equations

which is a continuous Morlet wavelet transform 

• optimal resolution reaching the Gabor limit, thanks to the Gaussian envelope 

• the Q parameter lets us balance time and frequency resolution, given that 

• optimized Q parameter (based on maximal sparsity of the discretized transform to maximize the energy density)

• invertible, therefore further processing of the transformed signals is possible

<latexit sha1_base64="xm/8Y26gTZJxux4aCrUQ9DzbjNQ="></latexit>

T (ω, ε, Q) =

∫ +→

↑→
dt s(t)ϑ↓(t; ω, ε); ϑ↓(t; ω, ε, Q) =

(
8ϖε2

Q2

)1/4

e↑(
2ωε(t→ϑ)

Q )
2↑2ωiε(t↑ϑ).
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Invertibility

• continuous wavelets are not generally invertible; they are only if they satisfy the admissibility condition 

• the Morlet wavelets do not satisfy the admissibility condition, unless they are shifted by a small amount which 
depends on the central frequency of the wavelet: this destroys some good properties of the wavelet

• standard inversion formula

• non–standard inversion formula 

<latexit sha1_base64="yNSJB5ZqiYLaJKqAEqkRryMd9bg="></latexit>
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Invertibility (ctd.)

• the non–standard inversion formula does not require the admissibility condition, and can be used directly with 
Morlet wavelets

• using the Morlet wavelets has the added advantage that one of the integrals can be calculated analytically: 
this produces a large speedup when computing the inverse transform

• wavelets can be manipulated before applying the non-standard inversion formula, to achieve any desired 
filtering in the TF domain 

<latexit sha1_base64="z/F1Z6nLmjv4sp87EDIGQtxv52Y="></latexit>

sD(ω) = Re
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]
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Q
2

)
∑
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erf
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)]
→ erf
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)]}
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Numerical implementation

The numerical implementation applies to whitened data samples taken with a well-defined sampling rate fs 

where:

and where: 

• we choose a dyadic tiling of the TF plane

• we select Q to produce a sparse signal representation in the TF plane

(see Virtuoso and Milotti, 2024 for details)

<latexit sha1_base64="RcM4wFFkgUTFz3gwy8/5lYgbNvc="></latexit>

Tnd(ω, ε, Q) =

→
fs
N

∑

m

s̃(fm)ϑ̃→(fm; ω, ε, Q)

<latexit sha1_base64="xtSlpiwwbwHTWWRcPWVqs4L4VcU="></latexit>

s̃(fm) =
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n

s(tn)e
→2ωifmtn

https://arxiv.org/abs/2404.18781
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Noise-induced fluctuations

In the case of Gaussian white noise background (the case of whitened signals), the energy of the Morlet 
wavelets used in the invertible Q-transform has well-defined statistical properties:

• pdf:  

which is a chi-square distribution with 2 degrees of freedom 

• two–point correlation function:

where: 

<latexit sha1_base64="/hY1/NP8rugRkCj6fG+Po/XNF8I="></latexit>
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2
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<latexit sha1_base64="rr9tClEBIq/JLVlB8n7QrlLw3QY="></latexit>

ω = ε/ε0, and ϑ = [2ϖε(ϱ0 → ϱ)]/Q
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"Tile-wise" denoising

We associate an energy density to each tile of the discretized invertible Q-transform. We can remove excess noise 
(glitches) by discarding those tiles that have an above-threshold value, for some selected threshold (or that lie in 
between two given thresholds). 

We have tested this denoising scheme both with real events detected in past LVK observing runs and publicly 
released, and with injections into data that include glitches. We used the catalog of glitches released by the 
GravitySpy project (https://zenodo.org/records/5649212). 

Here we show the results of deglitching, drawing random samples from the glitch catalog for Livingston, during 
O3b.

https://zenodo.org/records/5649212
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where, for 
this case, pi are the normalized energies (i.e. squared magnitudes) of the 

wavelet 
packet c

oe!cients under consideration. Low entropies occur when the larger c
oe!cient 

energies 
are concentrated at only a few discrete locations. "e minimum possibl

e entropy 
of zero o

ccurs when pi = 1 for only one value of i, the other probabilities being zer
o. In this 

case, all t
he information needed to represent the signal is condensed within a sing

le coef-
#cient. 

"e maximum entropy occurs when there is an equal distribution of c
oe!cient 

energies. 
In this case, pi = 1/N and the signal information is evenly spread throu

ghout all 
the coe!c

ients. We can see that pi acts as a discrete probability distribution of the 
energies. 

(More in
formation on the Shannon entropy measure together with an illustrativ

e #gure is 
given in C

hapter 4, Section 4.2.4.)

"e se
t of N wavelet packet coe!cients which contain the least entropy are sel

ected to 
represen

t the signal. "at is, we want the signal information to be concentrate
d within 

as few c
oe!cients as possible. To #nd these coe!cients, the WP array, such a

s the one 
we saw i

n Figure 3.37, is inspected from the bottom upwards. At each scale, eac
h pair of 

partitione
d coe!cient sets (the ‘children’) are compared with those from which t

hey were 
derived (t

heir ‘parent’). If the combined children’s coe!cients have a smaller entro
py than 

those of 
their parent then they are retained. If not, the parent’s coe!cients are 

retained. 
When the 

children are selected, their entropy value is assigned to their parent in o
rder that 

subsequen
t entropy comparisons can be made further up the tree. "is is shown s

chemati-
cally in Fi

gure 3.40. Once the whole WP array has been inspected in this way, 
we get an 

optimal tiling of the time–frequency plane (with respect to the localization of coe!cient 
energies). "is tiling provides the best basis for the signal decomposition.

Figure 3.41 illustrates the wavelet packet method on a simple discrete signal composed 
of a sampled sinusoid plus a spike. "e signal is 64 data points in length. A Haar wavelet 
is used to decompose the signal. Figure 3.41a shows the wavelet packet coe!cients below 
the original signal for each stage in the WP algorithm. "e coe!cients are displayed as 
histograms. "e bottom two traces contain the coe!cients corresponding to the best wave-
let packet basis and the ‘traditional’ discrete wavelet basis, respectively. "e WP tiling of 
the coe!cient energies in the time–frequency plane for each scale is given in Figure 3.41b.

Wavelet transform tiling

High-frequency
small scales

Frequency

(b) (c)
frequencyLow-

large scales

FIGURE 3.
38 

wavelet p
acket tiling of the time–f

requency 
plane. "e 

right
-hand tiling is that used in the wavelet transfo

rm algorithm and correspon
ds to the 

component
s con

tained in the bold boxes shown in Figure 3.37
.

Time
(again, for details on the tiling, see Virtuoso and Milotti, 2024)

https://zenodo.org/records/5649212
https://arxiv.org/abs/2404.18781
https://arxiv.org/abs/2404.18781
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FIG. 6. Q– and Qp–reconstruction of GW190521, using
data from V1. The top panel shows the wavelet Qp–
transform and the middle panel shows the wavelet Q–
transform; the colorbars display the energy scale, i.e., the
value of |Tnd(ω, ε, Q, p)|2. The bottom panel shows the
strain plot with the original data (green), the waveform
reconstructed with LALInference (blue) (from [11]), and
the waveform from the denoising formula for the wavelet
Qp–transform (red), eqs. (21) and (22).

algorithm which is both e!ective and computation-649

ally e”cient. While the wavelet Q–transform, just650

as the Q–transform, has a minimal uncertainty in651

the time-frequency plane, it does not have an opti-652

mal performance in the case of chirping signals like653

those produced by CBCs. We found a useful variant654

— which we dubbed the wavelet Qp–transform —655

which can still be inverted and produces sparser rep-656
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resentations of the gravitational–wave signals from657

CBCs. We have fully characterized these wavelets,658

both in the time and in the frequency domain, also659

studying their statistical fluctuations and correla-660

tion properties in presence of a Gaussian white noise661

background. We have produced a Python imple-662

mentation of both transforms and used it to analyze663

some important gravitational–wave signals detected664

by the LIGO/Virgo Collaboration during the O1 and665

O2 observing runs. These tests illustrate the higher666

e”ciency of the wavelet Qp–transform for chirping667

signals, and also the excellent performance of the668

transform as a denoising tool.669

The results presented here are encouraging, even670

though we have tested the transforms on a very small671

set of GW events, and they suggest more systematic672

studies involving a larger number of events or a set673

of simulations.674

There remain several unanswered questions. The675

most pressing is how to combine the data streams of676

several gravitational–wave detectors exploiting their677

coherence.678

Finally, we wish to remark that the inversion for-679

mula described in this paper, in particular its denois-680

ing version of eqs. (12) and (13), which we developed681

for the analysis of GW signals, can be applied to682

many other fields like music, medicine, geophysics,683

engineering and in general in all those fields which684

require the analysis of noisy, transient signals.685

Virtuoso and Milotti, 2024

https://arxiv.org/abs/2404.18781
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denoising_threshold = 7.0

Glitch 142301 in file "L1_O3b.csv"

row: 142301 
GPS time: 1268351513.19922 
SNR: 387.094360351562 
Duration: 4.0 
Peak frequency: 26.0149402618408 
Label: Light_Modulation 
Confidence: 0.97454571723938
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denoising_threshold = 7.0

Glitch 145123 in file "L1_O3b.csv"

row: 145123 
GPS time: 1256888726.84766 
SNR: 25.5926609039307 
Duration: 1.0 
Peak frequency: 39.7892990112305 
Label: Tomte 
Confidence: 0.9999997615814208
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denoising_threshold = 7.0

Glitch 185667 in file "L1_O3b.csv"

row: 185667 
GPS time: 1261053843.0625 
SNR: 25.5363903045654 
Duration: 3.0 
Peak frequency: 35.1623115539551 
Label: Scattered_Light 
Confidence: 0.9692816138267516
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"Tile-wise" denoising, with injections

We associate an energy density to each tile of the discretized invertible Q-transform. We can remove excess noise 
(glitches) by discarding those tiles that have an above-threshold value, for some selected threshold. 

We have tested this denoising scheme both with real events detected in past LVK observing runs and publicly 
released, and with injections into data that include glitches. We used the catalog of glitches released by the 
GravitySpy project (https://zenodo.org/records/5649212). 

Here, we show a few results obtained with the injection of a waveform for GW200129_065458, obtained from 
the IMRPhenomTPHM approximant and MaxL parameters obtained with Bilby (Prod 5). 

MaxL parameters

SNR=26.79 
DL=791.31 Mpc

https://zenodo.org/records/5649212
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denoising_threshold = 7.0

Glitch 145673 in file "L1_O3b.csv"

row: 145673 
GPS time: 1257042914.44141 SNR: 
1673.49304199219 
Duration: 5.25 
Peak frequency: 32.1732215881348 
Label: Extremely_Loud 
Confidence: 0.9999979734420776



18

denoising_threshold = 20.0

Glitch 145673 in file "L1_O3b.csv"

row: 145673 
GPS time: 1257042914.44141 SNR: 
1673.49304199219 
Duration: 5.25 
Peak frequency: 32.1732215881348 
Label: Extremely_Loud 
Confidence: 0.9999979734420776
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Software

• The tests reported here used the software developed alongside the paper  describing the invertible Q-transform 
and the invertible Qp-trasform (Virtuoso and Milotti, 2024), which is available on Zenodo 
(https://zenodo.org/records/10649073)

• The library distributed with the SW in Zenodo is not optimized. Simple tests indicate that in this implementation 
the computational complexity is proportional to O(N2), where N is the number of samples. 

• A PyTorch implementation of the invertible Qp-transform exists 
(https://github.com/Unoaccaso/timeseries/tree/main), and it was shown to produce a very large speedup 
(around 100). This means that we can expect the deglitching of a 16 s stretch of data sampled ad 4.096 kHz to 
take ~ 1s. 

https://arxiv.org/abs/2404.18781
https://zenodo.org/records/10649073
https://github.com/Unoaccaso/timeseries/tree/main)
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Conclusions

• The deglitching method presented here is mathematically exact and statistically well-characterized.

• The method can be used as-is, with existing data.

• The test implementation shows that glitches can be removed very effectively, but also that a simple thresholding 
method cannot distinguish between signals and glitches, requiring a specification of the TF region with the glitch.

• A future non-supervised implementation will need to be able to recognize the TF region with the glitch and limit 
the glitch removal procedure to that specific region. 


