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The equivalence principle

* All bodies fall in the same way in a gravitational field.

This suggest the possibility of a geometric description
of gravitation

* Imagine a free-falling elevator cabin: inside it should

not be possible to detect the presence of a gravitational
field.

e But this is not exactly true. We expand the gravitational
potential in powersof { =r T Ty

O(r) = d(rp) — ¢i8; + Efifjgij +0(§%)
and we obtain the equation of motion

mT'l = —mai(D(r + f) =—mg; — mg;}&} + 0(52)

- miy; = —md;®(rg) = my;
l.e.
. GM
— (81 — 3mn;)
0

§=—6;8+0(8%) &= j

* Itis not possible to completely cancel gravitational
effects with a choice of reference frame.
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Minimal GR dictionary: metric
The geometry is described by a general metric
ds® = g, (x) dxtdx"

which is function of the coordinates, and determine
the light cone structure of the spacetime:
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Geometry of the Minkowski Metric in (2+1)-Dimensional Spacetime
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Is this a non trivial geometry or a trivial geometry hidden by a bad choice of coordinates?
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Minimal GR dictionary: connection

F po ( 0 iy — 90 ) Parallel transport Covariant derivative
wv — 29 ugva vgua Jguv
A vector is carried along a curve while Change of a vector field along a direction,
staying parallel according to the manifold’s after accounting for the change of the
This is the Levi Civita connection, which has the geometry. local basis due to curvature.

unique property of preserving the scalar product

of vectors under parallel transport. « \,/ \
It follows thatV,,g,, = 0

parallel transport

V(p) of V(p) to p+eu
Again, I’ # 0 can indicate a non trivial geometry [/ »® # X #7777

but also a “bad” choice of coordinates.

Note that covariant derivatives do not commute
in general. This non commutativity is a signature
of the curvature of spacetime

Covariant derivative in direction u:

[Vu, VV]VP — RpO'ﬂ‘VVO- ]L,x Y.V = hm (V(p+eu) Pysprcu VD))

] In coordinates: V, V" = 9,V" + I}, VP
Riemann tensor
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M i n i ma l G R d iCti ona I"y: curvature Parallel transport around an infinitesimal closed circuit

Riemann tensor

RP gy = 0,100 = 0,Tig + Ty Ty = Ta T

It can be decomposed as

RaﬁycS — CaBycS

1
+ 2 (9ayRop = 9asRyp = IpyRsa + 9psRya) -
——> Infinitesimal closed

R
3 (Qaygaﬁ - gaagyﬁ)

W it h 4 N
@« _ p° vV B i v
R v — RP v  Ricci tensor oV Buv 0x" 0x Measure of curvature:
3 Hp The cl fail f llel
e, Change in vector after ~ Riemann curvature Initial ~ Oriented area element e Osur'e 4l .ure. bk s e‘ trj‘msp ort
R = gu R v Sca Ia r curvature parallel transport tensor vector of the infinitesimal around an infinitesimal loop is given by
H around the loop parallelogram the Riemann curvature tensor.
_ y,
C[,vao' Weil tensor, traceless

RP gy + RP pyg + RP 5 = 0 (FirstBianchild.)  V;RP; ., +V,RP;,, + V,RP;;, =0 (Second Bianchild.)
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Gravitation is geometry, not a force

In general relativity a freely falling particle follows a geodesic of the spacetime metric g,,, accordingly with the equation
d?x# dx” dxP
u’'V,ut =0 or + T =0
dt? VP dt dt

but it is always possible to set I' = 0 with an appropriate choice of coordinates. So I' does not describe the real physical
content of the theory, which is encoded in the Riemann tensor R“vpa and in the geodesic deviation equation

D2k D
— U : — 4,V
gz = RupguuieT with A
Newtonian (D(X) gi(x) = _ai(b(x) 8ij = aiajq)(x)

GR Juv (x) Fﬂvp (x) Rﬂvpa
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Spacetime as a dynamical field

In GR the metric is the dynamical variable. It is governed by the Einstein equation

8nG 1
Guv - o4 Tuv Guv — Ruv _ ERg,uv
Left side is geometry, right side describe the energy, momentum and stress distribution of (non gravitational) fields.
Two important properties:
* Invacuum (T, = 0) the Ricci tensor and the scalar curvature are zero. Riemann tensor is equal to Weil tensor.
* Asa consequence of second Bianchi identity, V¥G,,, = 0 which imply V#T,,, = 0
* The second Bianchi identity imply also that

1
V¥Capys = ViaRgyy + ¢ 9yiaVpR = 0
and becomes a propagation constraint in the vacuum.

Gravitational wave: a wave-like curvature perturbation of a spacetime.

Wave-like: has an independent dynamic, once generated. So, it can propagate in the
vacuum.

Curvature: produces physical effects.

In a relativistic theory we naively expect something like this: after all, a motivation for
GR is to avoid action at distance. But GW are not guaranteed to exists....
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Spacetime as a dynamical field

Einstein equation gives a self consistent description of
two different aspects. It connect the geometry of
spacetime to its “matter” content

8l
Gy = o4 W

And determine the geodesic motion of matter in
the spacetime geometry

VAT, = 0

Einstein equation is difficult to solve, essentially

because it is nonlinear. Feasible approaches are

* Finding exact solutions with a particular
symmetry

* Follow a perturbative approach around a known
exact solution

* Solve the equation numerically

G. Cella ¢ INFN Sezione di Pisa
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Geodesics and freely falling matter
A simple example: for a point particle
T (x) =m f w*uV ™ (x — x(1))dr

And determine the geodesic motion of matter in the
spacetime geometry

0 =(V,T*, ¢,) = (T, V,¢,)
- —mf uwu'v, ¢, dt = —mf u’

fDu” : DuV :
= = = U,
m ks Py aT dt

D¢,
o dt

Einstein equation contains geodesic motion (note however that the
metric here is given, and not perturbed by the particle)

G. Cella ¢ INFN Sezione di Pisa
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Curvature as the observable content of gravity

Joo = —1— ROin(T)xixj +0(x°)

7(7)
2 ik 3
Joi = —§R0jik(T)x x* 4+ 0(x?)

T = e T O .

(i)
1 k l 3 (paral]elc1
i = Ner — — K, transporte
gij = 51] 3Rtk]l(f)x X"+ O(X ) u=ely 1 niel along 7)

(tangent to ) (unit initial direction)

R

This is the metric in the natural reference
frame of a free-falling observer.

[' = 0, but tidal effects exist and are
described by the Riemann tensor.

u

G

(orthogonal
to )

L

s = e i
=sn

i

Fermi normal coordinates

Definition of
Fermi coordinates

1. Choose a timelike geodesic

¥l

2. Parallel transport an

orthonormal tetrad e(‘;)
along .

3. Reach P by the spacelike

geodesic orthogonal to y
at Q = y(7); then
=z ¥=sn
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Geodesic deviation: how curvature acts on matter

A single freely falling particle
cannot detect gravity. The

M
measurable effect appears
when we compare two
(nearby) freely falling particle.
Their relative acceleration is
controlled by the Riemann

, : .
tensor. Separation vector & .

7 changes along the motion:

o \ / relative acceleration
The equation is simple because \ causes convergence
we consider nearby particles. or divergence.
Physically: it will be an accurate
description in a region small e
compared with the typical scale
D2¢H

of geometry 3

oa . rewn b u’

Exercise: derive the geodesic deviation equation using . :
Fermi coordinates around one of the two geodesics. Curvature causes nearby geodesics to converge or diverge.
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Perturbing Minkowski spacetime

Let us follow the perturbative approach and write g,, = 1, + hy, we suppose that quadratic terms in h,,, are
much smaller than linear ones. Note that this is not a coordinate independent statement.

If this is an acceptable approximation, then

K X X > 4 > 4 X > < > 4 > 4
1 : > < X > ¢ X > ¢ D < >4 4 X
P _ \ ,
3 A 3 ¢ Y X 4 4
RS —l(aah + 0, 8,hgy — Oy0phgy —Oy0sh,,) <X X . X X ¥ X X X
PUW—Z uYo'tpv vVplou uYp'tov vValtpu =y » =
> 4 ‘\’ ) 4 X ¥ ¢ ¢ 4 X

Riemann tensor is a function of second derivatives of : - G a , @ —
the perturbation. X X X S X - " X ”
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Linearized Einstein equations

From the linearized Riemann tensor, we obtain the linearized Einstein tensor (here h = n#"h,,, )

G = (apaﬂhpv +0,0,h? , — Ol — 3,05k — 17,,0,0:h°% + 1, 0h)
And the linearized Einstein equation

816
O

C4T

Uv

It is convenient to introduce the trace reversed perturbation i_zm, = h,, — 1/2n,,h that removes the trace
terms

GLY = Lan 1aahp 9.0, kP 0.9, hro
5 — v E( v T 0pO0y N7y =1y 004 )

—

Divergence terms
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Trace reversal and the Hilbert gauge

We are free to do “small” coordinate changes: x* — x* = x* + &#(x) where E# = O(h).

Under these,
/ —
huv — huv — huv B a,ugv _ vfu-

fluv I hlw — ﬁuv - aufv - v&u + nuvapfp
A divergence transforms as
6”]3;“, = 6“i_1w = d,0¢8, — 3%0,¢, +1,,,878,5F = c’)”fzw — [,

If we can find a solution of

[, = aﬂﬁw

we can impose the Lorenz (also, de Donder, harmonic, Hilbert) condition, removing divergence terms

L,/ 1 . 1 -
0"hyy =0 Gy = —5 U + 5 (90h°
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Vacuum wave equation for metric perturbations
_ lénG $-

The linearized Einstein equation can now DhHV ct TMV’

b itt k 1
e written as — / ¢

0 Ry = 0.

and this does not change if we make another small coordinate adjustment, if o &* = 0.

In vacuum:

Dhuv = 0, With a p_Iane wave o _kpkp =0-w-= C|E|
- ansatz, h,, = A, e™e*" |

0*h,, = 0. DS iktA,, = 0.

Waves propagates at the speed of light

Polarization basis: symmetric tensors living in span{k*, (0, 8), (0, )} with 8 k= o - k=0
Polarization degrees of freedom: 10—-4 = 6. But still, we can adjust coordinates.
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Gauge freedom: what is coordinate and what is physical?

If we do the same plane wave ansatz for the residual transformation, &* = iVhelkeX® from o ¢H = 0 we find the
same dispersion relation of the perturbation. It follows that we can change the polarization tensor as

Ay = Ay = Ay + (KW, + KV, — 1,0k, VP)

We can freely choose V* and impose Ay =0, AZ = 0. This is the transverse traceless gauge.
It follows that the structure of the polarization tensor is

0 0 0 The block A;; is transverse (k;A;; = 0) and traceless (4;; = 0) and
can be represented by a linear combination of the two linear

polarizations: (.|.) (k) 9 9 gquSJ
m(k) 0 + §i6

Conclusion: we have two physical polarization degrees of freedom in general relativity.

wv A;;

0
o= [?
J

0
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A gravitational wave as an oscillating tidal field

Imagine a set of particles with u* = (1,0,0,0).

In the TT gauge

M = = (20HT — O41T) = 0
00 — 277 0*20 Ao ) —

SO
du’u 'u coordinates
—+ 7T up =( unchanged
dT (particles stay at

fixed x, y)

is satisfied (geodesic motion)

' TT 2
szl _ 1 62hij j d coord -0
RN dt

. 1 j
El: 5l t Zhl]TT fcoord

t

A

—_—>

y/
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worldlines of

———— freclyfaliing

particles

t=t1

Proper distances change
because g;;(t) = §;; + h E;-T(t).

N even though the coordinates
stay fixed.
X
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Strain as fractional distance change

Two test masses at x' = 0 and x* = Lé' have squared proper separation

phys = (8 + hy; DL*&'¢) =~ L*(1 + hy; ' &¢),

_ 1, TT i ~i .
S0 Lphys ~ L(1 + Ehff e'¢/) and the strain

AL _ 1 ,TTaisj
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Plus and cross modes h.
o ® o AR
. —_ + h t X [ ] .n i.
hij(t) = hy(t)€]; + hu (b€ ° y “e
> Lr > 2
A gravitational wave deforms a ring of ® ® R -
freely falling test particles into an ¢ © o © ¢ N y
oscillating ellipse. . .
The plus mode stretches and
compresses along two orthogonal axes. e ® e .
The cross mode does the same along ® o .
axes rotated by /4 . ° A . A
y . ¢ o0 .
The pattern is transverse, traceless, and ® L
quadrupolar. ® L @ .. h
O = o’
®o'e-® : X .

Credits: https://maxisi.github.io/gwpols/

siseq uoijeziejod Jeaurq
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Plus and cross modes

hij(t) = hy ()€l + Ry ()€

A gravitational wave deforms a ring of
freely falling test particles into an
oscillating ellipse.

The plus mode stretches and
compresses along two orthogonal axes.
The cross mode does the same along
axes rotated by /4

The pattern is transverse, traceless, and
quadrupolar.

Credits: https://maxisi.github.io/gwpols/
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h-x

Circular polarization basis
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Plus and cross modes

.-'-- h}{
® O ; .
O o .n T o
¢ Y ¢ oo
¢ L
@ T e .. h.
@ .ﬂ I- ..
@ o *
o.0 * § X,
-. ..ﬂ
U T

Credits: https://maxisi.github.io/gwpols/
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Why gravitational waves are weakly coupled to matter

For a stellar-mass compact binary, one may have

GM
_ 167G oy o MR

T Ty,

while the distance may be

ct
r ~ 1 Mpc ~ 3 x 101 km.

The ratio is already of order

GM 18

ctr ctr r

After including orientation, efficiency, and the fact that only the time-varying quadrupole
part radiates, typical strains become

h~ 1021

This makes detection extremely difficult, but it also makes gravitational waves exceptionally
clean probes of otherwise inaccessible regions of the Universe.
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Can a gravitational wave carry energy?

A gravitational wave carries energy because it can do work on matter and because sources lose energy when
they radiate.

However, the equivalence principle prevents a strict local tensorial energy density for the gravitational field.

Moreover, in the linearized theory:

) l6nG
— T

Llh , lomG
auhuv ct W :> Dﬁ”hw — — I auTMV :> 0= a#Tw
=0

This is because we need second order corrections to give meaning to the gravitational
wave energy.
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Why GW energy is a second-order concept

G + G [] +GH R +0(R3) = —

ch h
0— 20 +G[h ] + 0(h3) _ ont
2 Hv ! ct Hv

At the second order

The GW energy-momentum tensor is not a local tensor of the exact metric. It is an effective, averaged object. Its

definition requires a hierarchy of scales: the wave oscillates on a short scale, while the background and the detector
response vary on a much longer scale.

A physically meaningful GW energy density or flux requires averaging over fast scales.
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Energy flux in the TT gauge

1
(1) _ (2)
Guv [h] = 816G (Tyy — tyy),  tu = —o — (G, [h])
Aow K Lavg < Lbackgmund
In the TT gauge 4
TT TT
tIiV 32116 (alihl] a h >
Polarizations contributions adds. For the energy flux we can write
dE IO
—— = hi + hg
dtdA  16mG (b + b

For GW150914 (h ~ 10721, f ~ 200 Hz) this gives a peak flux F ~ 1072 Wm ™ at
Earth — comparable in flux to the full Moon, sourced by an event lasting tens of
milliseconds.
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The quadrupole formula for the wave amplitude

The wave equation is solved by the retarded Green's function for the d'Alembertian:

h —4G/ ,u,v(t_|x_ f|=ff) d3$r.

|z — &'

In the slow-motion, far-field limit (d < Agw < 1),

FLW( r) 4G/ J(t—r/c, T )d3’

Because only the spatial hij survives projection onto TT, and because

/ g = I”(t) I(t) = / TR Batrt dox
the asymptotic strain is

2G

h}“jT(t, z) = e Pim Iu(t—r1/c).

C

In terms of the traceless quadrupole Qi = I;; — % dij Ikk the formula reads the same way, since P* ' removes traces.
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The quadrupole luminosity formula

Insert the quadrupole strain formula into the flux formula and integrate over a sphere at infinity.
The angle-averaged TT projector

dQ ) 2 2
/ — 73’;1;:{_‘1 (n) = g ((5ik5jl . 5 5iléjk) T 1_5 5ij5kl

acts on the source’s third time derivative of the quadrupole tensor, killing its trace and leaving

G .. ..
Lew = t.5 (QijQij)

This is the Einstein quadrupole formula. Note the three time derivatives --- the source must
change its quadrupole accelerationally, otherwise no power is radiated.
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Why monopole and dipole radiation are absent
At leading order in linearized gravity,  9,7"” =0  implies:
 Monopole. M = fT“” d3z, M=0=>M=0.

e Mass dipole. D' = fT“”a:*' d’z, D* =1{.
e Current dipole. J* is the total angular momentum, J' = 0.

So, at leading order, there is no monopole or dipole gravitational radiation.

In full GR the statement remains true, but the proof changes.

One must use the total conserved asymptotic charges (matter + gravitational field),
so there are no genuine radiative £ = 0 or £ = 1 modes. Radiation starts at quadrupole order.
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Energy balance: source loss equals wave luminosity

dE source
= — L
dt GW

G ;d3Q;; d3fo'>

F e = —
ST dt3 dt3

e Gravitational waves carry positive energy away from the source.

e Therefore the source mechanical (binding) energy decreases at the same rate.
Gm1 ma
2a

e Asenergy is lost, E ., becomes more negative, so the separation a decreases.

e Forabinary, Ecqurce = Eor, = —

e A smaller orbit implies higher orbital and GW frequencies: this is the chirp.

— Here E,,rce denotes the energy stored in the source dynamics,
in practice the orbital binding energy for an inspiralling binary.

This balance law links wave emission to binary inspiral dynamics.
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Circular binaries as radiating systems

Binary in the centre-of-mass frame
my mo,
M ?

Reduced mass: u =

For a circular orbit of separation a :
Da’ = GM

Time-dependent quadrupole:

s i

Dominant GW frequency:
wgw — 20

® 06 0 © ©

Quadrupole luminosity (circular binary):

s 32 G* ps M>
S RS A

total mass: M = m; + m,

Key scaling: Lgw o< a~>

As energy is lost (Eo, = — Law),

the orbit shrinks, €2 increases, and the signal chirps.

G. Cella ¢ INFN Sezione di Pisa

binary orbit
z” H\x
rd .
Fd Y
rd ,
) “
/ \
! \
r / \
I \
[ I‘l ?‘2 |
m1° """""" A o my
‘,‘ centre of mass I’ J
\ /
\ /
AY /
. Y
\\ ,,
\\ ’
~ -

-

GW ripples



GW theoretical aspects and principia ¢ Lecture 1 G. Cella * INFN Sezione di Pisa

Orbital shrinking and frequency increase

Energy balance Frequency evolution
Gmlmz GM.U Q ;
'E{Jrh:_ 23 — — 24 QEHEZGM — ﬁz—ggfﬁo
e 32 G pPMP : e 096 G5/3
(Ell‘.r — e ‘11_‘.' N b/ A 45/311/3
Low 5 5 25 Eort Low () = 5 o M7Q
O .
fow = 2forb = —, fow > 0
Orbital separation m
5— _ 64 G> uM?
5 ¢5 3
3 :
5 — _6; Gﬁ mlmg(m; + mz) <0 Qii(t) = Law > 0= E,p, <0
= a

= 4<0=> Q>0

The waves carry away positive energy. A bound binary becomes more tightly bound, and the signal chirps upward in
frequency.
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The chirp mass and the chirp
Combine the masses into the chirp mass

(mq mg)3/°
(m1 + m2)1/5 .

' a ." ‘. ‘MC =
-

Low and Eorb depend on the masses only through M.

Jow = — « 3 GW

" 96 8/3 (GMC>5/3 11/3
5 .

This upward sweep in frequency is the chirp.

N T D

5 c® _8/3 hozé G./\/IC)S/3 (ngw>2/3 1—{-(}0821,.
25678/3 (GM,)5/3 "W r\ c2 ¢ 2

Y S »,

T (fow) =

For M. = 30 M and fgw = 100 Hz, 7 = 10 ms. The chirp mass controls the rate of sweep.
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From flat space to curved spacetime

Today: waves on Minkowski space Next: waves on a curved background
9uv = Nuv + hpv uv = guv 2 huv

same
idea

a“aai’z“v = 0 in vacuum replace d,, by \_7,1

W gauge freedom — TT gauge curvature terms appear

curved : :
two physical modes: h, and hy background FRW: expansion and redshift

strain, flux, quadrupole sources Ju0(X) BHs: scattering, tails, ringdown
Guv X

=
=
2

)

Flat space gave us the grammar of gravitational waves.
Curved space will tell us how they travel through the Universe.
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