- GW theoretical aspects and principia

Lecture 2: gravitational waves on curved backgrounds
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SVT decomposition, cosmological propagation, and ringdown
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When flat spacetime is no longer enough

Flat-space description. Over — + h
one wavelength the background guv nuv ald
looks almost flat DhZ}T =(

Agw K Lg ~ |Ruvp0|_1/2

Curved background description.
Perturbation of a non-trivial — N .|_ h
geometry: the background guv gl“w B

affects propagation

Minkowski is the local limit.

Curved backgrounds are needed when the wave
samples expansion or strong curvature over an
extended region

1. Short-wavelength regime rays lensing

dew <Lp | _ /

geometric optics

/

o Waves follow null geodesics

, "
e WKB / eikonal approximation {W
o Polarization parallel transported
e Amplitude focused by curvature transport.ed

polarization

2. Intermediate reglme scattermg

)‘GW . LR n ﬂ ” /\ /\/\/\/\/\/\/\, }mode mixing
wave optics

horizon crossing

¢ Wavelength comparable

to curvature scale Aon
o Partial scattering and diffraction IR A
e Tails in the late-time signal tails

° Mode mixing between channels

3. Long-wavelength regime : GwW |

Aaw > Lp |
background-like perturbati ’ e
ackground-like perturbation \ w// .

¢ Wavelength much larger / ) ‘ (2\\
than curvature scale (mESIETEEN 3 \

i 1 1 [ ° H

| o Sp'acetlme perturbed almost : E & T (o |
uniformly ! 1 \ ® S/

_________

¢ No meaningful local ray picture R &

no local ra no clean ey
¢ No clean local GW energy Y local GW energy super-horizon modes

Ly = background curvature radius




Gravitational lensing of GW Astrophys. J. 923, 14 (2021)

Propagation through an inhomogeneous Universe can lens gravitational-wave signals, much as for light.

f: N 4 )

Basic picture and examples What lensing does
Analogous to gravitational lensing of light, but observed in

/-)\ the gravitational-wave signal.

Observable effects

0))

GW source

— detector e magnification / demagnification
galaxy lens

® |4

Einstein ring Multiple images Galaxy-cluster lensing * precision cosmology

e multiple “images” with time delays

e frequency-dependent waveform distortions

Potential applications

e tests of fundamental physics

e |ocalization of merging black holes

e study of microlens populations

N

Lensing encodes information on both the source and the intervening matter distribution.
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Minkowski, FRW, and black holes as three laboratories

Same small perturbation. Different background symmetries. Different physical questions.

common split g,{LV — gﬂlf —|— hpy y |h”v | << |gp‘,b“ ‘ background sets the wmergigr;%iecomposiﬁon, and wave
Minkowski FRW Black holes
Poincaré symmetry homogeneous + isotropic spherical / axial symmetry
(7 — 2 _ 2 2 1 3..] - _ __Schw/Kerr
Guv = MNuv ds* = a”(n)(—dn” + y;;de'de’) Tur = Gpuv
local generation cosmological propagation strong-field scattering

and detector response

plane waves - TT gauge - quadrupole input redshift - amplitude damping - luminosity horizons - effective potentials - QNMs
distance
local grammar cosmological syntax strong-field spectrum

Takeaway: the wave is always a metric perturbation, but the background decides what “propagation” means.

2.1.2
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Gauge freedom beyond flat spacetime

huv = huv — quv = vv’fu
equivalently 6ghy,, = — 2V, &)

flat-space rule d, — V|

what changes Lorenz-like gauge physical lesson
partial derivatives become .. f. =0 do not copy the Minkowski TT gauge blindly
. uh®y =

background-covarlarlt _ 1. gauge conditions must be adapted to the
trace: h - h — 2V, E&H huy = hyy — jguvh background
the background connection enters . " < use SVT in FRW, master variables near
thatrarstermation residual freedom: [1&, + R,,EP =0 bisck/holas

Flat space: V- — 9, Ruupo =0, Curved space: V # 9, Ryups # 0,

global TT gauge for plane waves observables must be gauge-invariant or fully gauge-fixed

Gauge freedom is not lost on a curved background. It becomes more geometric:
the background enters through @u and through the residual gauge equation.
Background curvature enters the perturbation equations explicitly.
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Background curvature enters the perturbation equations

The flat wave equation becomes background-covariant and gains curvature coupling

5R”v %V_ V huv - %V_’ V_ h + vpv(,uhv) + R“pvohpo — Rp(uhu)p
v

overbars: Guw Vi, Rups are background quantities

curved wave operator curvature coupling physical effects
JO0YT  — APOYT U7 » o »
apaﬂ — vpvﬁ’ - gp VPVU Rupuohp ' Rp(yhu}p FRW: redshift and Hubble damping
black holes: scattering and tails

the propagation operator now these terms vanish in Minkowski ringdown: effective potentials
contains the background metric but not on a curved background

Flat space:  Rupo=0, [9u8]=0 Curved space:  [Vu, VuIVP =RPqu, V7

simple wave equation for the perturbation non-commuting derivatives create curvature terms

Background curvature changes the operator that propagates the perturbation and
adds curvature-cooupling terms.
This is the mathematical origin of cosmological damping and black-hole scattering
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Symmetry and decoupling of perturbations

Key idea: decompose the
perturbation field according
- to the background

Coordunatedcomp;)nents symmetries.
= = are gauge dependent.
huv F huv = vufv — vau
Background-adapted decompositions
e Minkowski: Fourier modes + TT polarizations
. g e FRW: scalar-vector-tensor (SVT) on spatial slices
metric perturbatlon hyv e Schwarzschild / Kerr: spherical or spheroidal
| harmonics
l l l FRW / SVT (on spatial slices with metric y;;)
= —— Y Vi =D,V+VE, DV =0
Scalar sector Vector sector Tensor sector
background scal di f | e = ot B B
ackground scalars ivergence-free transverse-traceless ; i
9 J DiHy; =0, yUH; =0
(e.g., density, curvature) vector modes tensor modes

D;: covariant derivative on spatial slices;

GW sector in FRW T: transverse (divergence-free);
Hj;: transverse-traceless tensor.

P

A At linear order the scalar, vector, and tensor sectors decouple,
| because the linearized Einstein operator respects the background isometries.

Therefore, the physical gravitational-wave degrees of freedom are isolated in the transverse-traceless tensor sector.
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The spatial background: maximally symmetric 3-geometry

SVT decomposition is defined on the spatial slices of FRW. Their symmetry is the reason scalar,
vector, and tensor sectors can be organized separately.

o ; ; Yi; : metric of a 3-space of constant curvature
ds? = —dt® + a’(t) y;; (%) dx* dx’ A
J For spatial flatness: y;; = 6;;
| FRW background | Why maximally symmetric?
| time direction spatial slices | ; ; o =g
L ) e homogeneous and isotropic spatial slices
l i ¢ e 6 Killing vectors on each slice
( ‘ e 3 rotations + 3 translations (in the flat case)
Flat ‘  Closed e ==, Open e these symmetries provide the natural basis
(k'=:0) e = +1) J & W (k=-1) for perturbations
& > N — e —

Spatial operators Key consequence

Background symmetry — irreducible decomposition —

block-diagonal linear equations
®

D; : covariant derivative compatible with v;;
2 . .
D% = 7” Di D]

All SVT variables are defined with respect to y;; | For FRW: homogeneity + isotropy — scalar / vector / tensor sectors
e J \ ey £ =

This spatial geometry is the stage on which the scalar-vector-tensor decomposition is performed.
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Scalars, vectors, and tensors on a 3-space

SVT is a geometrical decomposition of spatial fields. It separates longitudinal, transverse, and transverse-traceless pieces.

Vector field V; = 62-VS I ViV, ok ViV =={) scalar potential +
3=1+2 transverse vector
- - V [ \
Symmetric spatial tensor Fourier-space picture
1 1 For each non-zero k:
3 3 longitudinal: parallel to &
ainV =0, aiXi:? =0, (5in2_7]? —0 transverse: orthogonal to &
| | _L | © | By = b — kik;
trace scalar longitudinal scalar transverse vector TT tensor X?;T = <P.I;kPﬂ - %Piijl) Xk
1 1 2 2
o ¥
6 =1+14+4+ 2 + 2 & )
LSl e Tensor sector Xy Xx 0
What S, V, T mean For k || 2: Xg =1 X —~Xqu 0O
S, V, T refer to spatial rotations, not spacetime tensor rank. 0 0 0
Example: 9;V° has an index, but belongs to the scalar sector. two TT functions — two GW polarizations
= J

The SVT split is complete and kinematical: no component is lost, and no gauge has been chosen.
Applied to h,,, the TT tensor piece is the gravitational-wave sector.




On a spatially flat FRW background, the 10 components of h,,,
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The SVT decomposition of metric perturbations

G. Cella ¢ INFN Sezione di Pisa

split into scalar, vector, and tensor sectors.

fi N : ; o N ¢ )
Starting point Metric perturbation decomposition Interpretation
J 9uv = Guv + hw/ hoo = —24 ® Scalars describe the lapse/shift
o hoi = a(9;B + i), 9;5; = 0 and spatial scalar distortions.
ds? = —dt? + a*(t) ;; dz'dz’ .. = g2 s . F. o
| ( ) * h” [25"J¢ i 28"8]E e 8(1FJ) 5 H’J] ® Vectors are transverse and
' background = spatially flat FRW 82 Fz. — O, 81 Hz. e O, 6z .Hz. ) represent rotational-type
5 L s e ) perturbations.
@ & B ™ # B
Scalar sector Vector sector Tensor sector ® H;; is transverse-traceless (TT).
A, B, 4, E S: (2) + Fi (2) H;;
L 4 scalar functions 4 vector components 2 tensor degrees of freedom !
r @ + (4] + (2] \
I matches the 10 components of a symmetric metric perturbation h,“,. J
i N
No degree of freedom is lost: SVT is a complete kinematical split.
In cosmology, the tensor piece H;; is the gravitational-wave sector.
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Scalar perturbations

Scalar modes are essential for cosmology, but in pure GR they are not independent gravitational waves.

G. Cella ¢ INFN Sezione di Pisa

-

Scalar metric sector

dsé = —(1+2A)dt? + 2a 9,B dt dx’

+ a°[(142y)6;+ 20,0,E] dx' dx’

~

-

\

Four scalar functions

e A:
e B:
o Y
e E:

lapse / time-time perturbation
scalar part of the shift
spatial curvature perturbation

longitudinal scalar shear

\

-

Newtonian gauge
B=E=0
Two scalar potentials: o,V

Sub-horizon constraint: V2W =~ 471G a’ §p

Matter sources

op, Op, v, ™

Density, pressure, scalar velocity potential,

and anisotropic stress source scalar
metric perturbations.

tensor h;;.

Physical message

Scalar modes control density growth, large-scale structure,
and most CMB temperature anisotropies.

They are not a new spin-0 gravitational wave in pure GR;
the propagating GW sector is the transverse-traceless
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Vector perturbations
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Vector modes describe rotational perturbations of the metric. In standard cosmology they
usually decay in the absence of sustained sources.

—

—

Vector metric sector

dsé = —dt? + 2aS; dt dx’
+ a® (9;F; + 9;F;) dx' dx’

with 9;S'=0, 9;F' =0

Transverse vectors Gauge-invariant combination

S, : vector part of the shift .
Z,- = S; A aF,-

F; : vector part of the

spatial metric ‘ S
This combination is unchanged

each has 2 independent by vector gauge transformations.
components

Sourcing

Vector modes are sourced by vorticity or

anisotropic stress. Perfect fluids without
vorticity do not sustain them.

Physical message

In GR and in the absence of sources, vector
perturbations typically decay with the expansion.
They are therefore usually subdominant in cosmology.
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Tensor perturbations
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Tensor modes are the transverse-traceless perturbations of the spatial metric. They are
the propagating gravitational waves.

-

N o B
Tensor metric sector Transverse-traceless field Two polarizations
ds% — —dt? +a2(5i]_ " hi]-)da:idxj e symmetric spatial tensor hi]- B it e.+. g hxe?{
. . e two independent components Y T3] Y
1 — | G
0 hz'j =0, hi =0 e gauge-invariant at linear order plus and cross modes
5 >,

Evolution in Fourier space

/" / 9 . o~ TT

In vacuum: damped waves on the

expanding background.

stress.

Physical message

Tensor modes are the genuine GW sector. They
carry the radiative degrees of freedom and can
be sourced by transverse-traceless anisotropic
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Decoupling at linear order

On an exactly homogeneous and isotropic background, symmetry plus linearity keeps scalar, vector, and
tensor sectors independent.

SVT split
hp,y - h#us . v h/_ujv o h/_;,yT

scalar vector tensor

spin) @ spinl ® spin 2

Symmetry argument

LR=RL

The linearized Einstein operator is
built from the FRW background.
It respects rotations and cannot
change spin.

G. Cella ¢ INFN Sezione di Pisa

Block diagonal form

L=Ls®Ly ®Ly

No off-diagonal mixing between S, V,
and T sectors at first order.

- g = )
Independent equations Physical message
0Gs = -8nGi0T" 0, S x S -» T only beyond linear theory
5G>’”v = 871G 5T?’ﬁw Scalar perturbations do not source tensor waves at linear
T T order.
O0G pv = 811G OT o The tensor field H;; can be studied as an independent
Each‘equlation sees only the source with the same gravitational-wave sector.
Fotatienality R ) . ) Mode mixing appears only beyond linear theory, or if the
symmetry + linearity = decoupling background symmetry is reduced.
R A \_ J
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Lecture 2

Gauge transformations in the SVT language

Gauge transformations reshuffle coordinate-dependent pieces, but they do not mix
scalar, vector, and tensor sectors.

G. Cella ¢ INFN Sezione di Pisa

[ EAi ( R
Gauge generator Scalar sector Vector sector Tensor sector Physical meaning
A—-A-¢ hoice ch
&= (€0,86°+¢)), : S; and F; shift only H. — H. Gaugfa.c Ice changes
. 0. Y ye the slicing and
algV_O %b—”,b‘Hfa underg,v_ .
i : : threading, not the
. B B-2 +at; Hansyerse-traceless tensor gravitational
two scalar functions + a no scalar-vector tensor is gauge .
o - wave. H; is already

order.

a physical variable on
an FRW background.
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Gauge-invariant variables: what survives coordinates?

Coordinate choices move A, B, gy, E. The physical scalar information is in invariant combinations.

G. Cella ¢ INFN Sezione di Pisa

s

~

Gauge-dependent scalars

s

~

Bardeen potentials

r

Longitudinal gauge

Scalar metric in Newtonian form

ds?=—(1+ 2®) dt?

+a2(t)(1 — 2W) 6; dx'dx/

Vector / tensor

Z,' =5;‘— aF,-

vector gauge invariant

A B, y, E ®=A+12la(B-aE)l B=E=0
lapse, shift, spatial curvature, shear W=—y-— H(B — aE) D=A, Y=—y

Physical message

Gauge-invariant means:

not a coordinate artifact.

54 2HZ; =0 It does not automatically mean:
Sub-horizon constraint: decays without sources propagating radiation.
V2V = 4nGa?b o H
p H’f H‘ff o ®, ¥ are physical scalar potentials.
| Scalar potentials are physical, but not spin-2 waves.| | TT tensor s gauge invariant. I Only Hj; propagates in pure GR.
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Which SVT pieces propagate in GR?

Gauge invariant does not automatically mean propagating: in linear vacuum GR on an FRW background,
only the tensor sector carries radiative degrees of freedom.

s N n 7
Scalar sector Vector sector Tensor sector
e (Gauge-invariant variables: ®, W e Gauge-invariant variable: Z; * Gauge-invariant variable: H;;
e Physical scalar potentials e Transverse vector perturbation e Transverse-traceless tensor
e In pure GR: constraint equations only e In pure GR vacuum: no source-driven e This is the genuine gravitational-wave sector

vector radiation

* No second time derivatives in the Satisfies a hyperbolic wave equation

vacuum scalar sector e Evolution is decaying, schematically:
e Therefore: no propagating scalar 2;+2H2; =0 Hij T 3[-[}:11.1. = _1.2_ VZH,-j =0
gravitational waves e Therefore: no propagating vector a

gravitational waves

Therefore: propagates with 2
polarizations (+, x)

Poisson-type / constraint-like, not wave-like 2;.oc a > (decays)
L I NG Y L

Degree counting: 10 components of h,,,, — 4 gauge freedoms — 4 constraints = 2 physical propagating degrees of freedom.

In linear GR on FRW: scalar = constrained, vector = constrained/decaying, tensor = propagating.

\ J
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Tensor modes as gravitational waves

On an FRW background, the transverse-traceless tensor H;; is the curved-space generalization of

G. Cella ¢ INFN Sezione di Pisa

T
A

It carries the two gravitational-wave polarizations and propagates on the expanding universe.

-~

~

Metric and TT conditions
e Pure tensor sector:
d52 = —dtz o az(t) [6,} e HU(t’ X)] dxidxj
e Transverse condition:
6,-H,-j - O
e Traceless condition:
6UHU = 0
e Component count:

6—-3-1=2

Thus H;; contains exactly two
independent functions.

-

~

Polarizations

For a Fourier mode with k parallel to z:

H, Hyxy 0
H,‘j — Hx —H+ 0
0 0 0

Two independent tensor amplitudes: H 4, H «
Same polarization structure as flat-space TT waves
Optional compact expansion:

Hy= Y hx(t k)ej (k) '™
A=+,X%

The FRW expansion changes the evolution,
not the number of polarizations.

-

Propagation and interpretation
Source-free tensor equation:

H; + 3HH;; — 5-17 V2H;; =0
For each polarization: L2

hy, +3Hh, +-£1—-2—h,\ =0
Local sub-horizon limit: if k/a > H,

the wave behaves like a flat-space plane wave

Global cosmological effect: frequency redshift
and amplitude dilution by expansion

Local detector response:
AL _ 1

I 5 HU eiej

Locally: ordinary GW physics.
Globally: cosmological propagation.

Why H;; is the gravitational-wave field:

gauge invariant e

decoupled at linear order e

dynamical

H;; on FRW is the direct curved-background analogue of h;T in Minkowski spacetime.
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Minkowski limit: SVT reduces to TT waves

Set a(t) =1 and H = 0: the FRW tensor sector becomes the flat-spacetime transverse-traceless wave of Lecture 1.

(; N A N, 3
FRW tensor sector Take the flat limit Flat-space TT waves
ds? = —dt* + a*(t) [8; + hj; 1dxidx/ a(t) — 1 ds? = —dt* + [6; +h[[] dx'dx]
T f ii1. TT . . %

aihij =0, 5ljhij =0 a—0, H=a/a- 0 a,-hi? =), 5”hi§T =10

T ik L T I ’ LT 5 BT

Two polarizations are encoded in the The expanding background disappears, This is exactly the flat-spacetime

transverse-traceless tensor field. and the Hubble-friction term vanishes. transverse-traceless gravitational wave.
. 2 . J e

Consistency check

hTT . ‘ hTT

FRW tensor mode h;; ——  Minkowski TT mode h;;

Same TT constraints, same two polarizations, same wave equation structure. Only the cosmological

propagation effects are removed in the Minkowski limit.
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FRW spacetime as the cosmological case

Tensor perturbations on an expanding background

l./" = "\.i e Y I/’ L S g TN
Background metric Tensor perturbation | . Propagation equation
|
: . 1
. : 2 2 s
ds* = —dt* + a*(t) §;;dx'dx’ || & = a ()(9; + hy) | hij + 3Hhy; — — Vhy; =0
2 ot 5 £ ‘ | 2 ; k?
2 e ds® = —dt* + a*(t)(6;+h;j)dx'dx’ || h, +3Hh, + — h, =0
—_— 2 | . | az
H = — ) & — "—3—‘ | ij | T
< | Oih; =0, 0%h; =0 w' (== ) me =0, pe=ahy
Spatially flat FRW r.eplaces Minkowski i The tensor mode is the Expansion redshifts physical wavelength
space on cosmological scales. | gravitational-wave sector. | and introduces Hubble friction.
: W3,

PN oy
j . phys
y a(r) Increases =3 £ i} e ¢ grows e — — s

- i, Ve z o N, —} la"-..-. "'--\\\:

\ - —7 s =

2 Early time (small a) Intermediate time Late time (large a)
Aphys small, mode deep inside horizon. Wavelength grows with expansion; Aphys large, mode outside horizon.
sub-horizon: h; o 1/a mode approaches the horizon. Amplitude is nearly frozen.

Same tensor perturbation as in flat space, but now the background expansion directly enters the wave dynamics.
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Tensor perturbations in FRW

Metric perturbation Canonical variable and mode equation
2 . 2 . . s B
ds* = a*(n)[-dn* + (6;; + h;;) dx'dx] = i
a'h;=0, h';=0 -
" ’ J u’i+[k2—a7]m=0

Equation in configuration space
D4 2 TT
In vacuum, ; a'la
;' =0 = hj;+2Hh; - V*h;=0

k* ~ a"/a
L TH = a'la k2

wp(n) = k? - =

- J

scale

Fourier decomposition /

d*k . s
B (7, ) = ;/mf ek (k) hy (n, k)

k? > a"la : k? < a"la :
hY + 2Hh) + k*h, =0 oscillatory nearly frozen

= .

The expansion enters through H = a'/a and through the effective potential a"/a.
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Canonical variable for tensor modes

Start in conformal time What the rescaling tells us
e ' 2 Relevant comparison
h, +2Hh, +k*h, =0 S
k< vs. a la |
H=ala, =dldn
The damping term is fixed by the expansion. ] Substitute i, = u/a so that the Hubble-friction term cancels.
: Iy Hi ‘
Rescale the mode field ‘
; — rgdefinition \ 2o’
— ("=a la 2
i (17) = a(n) Iy () | i ! 2
v
The scale factor is absorbed into the field amplitude.
) e T -
) ala
5 conformal time 5 conformal time
an@[cgl_eggag_qn - - damped strain  canonical oscillator
‘ v P s :
Hy +(k'—— =0 ’ .
g ) k%> lalal k*<la"lal
2 O i O oscillatory propagation background controls evolution
o (n)y=k"—
Friction is removed; curvature remains as a potential.
J N

The expansion is encoded in H=a'/a and a"/a; no particular normalization of « has physical meaning.

2.5.4
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Sub-horizon and super-horizon propagation

The horizon scale separates oscillating gravitational waves from frozen tensor perturbations

& 2 7=
Starting point Two propagation regimes
= ol Nd The horizon separates local wave behavior from frozen super-horizon evolution.
,Uk'*‘(k —a)#k=0 " ¥
Sub-horizon (k> H) Super-horizon (k < H)
My = ahy h ;
Compare the fixed comoving wavenumber & . [/\ /\ N " T
with the comoving Hubble scale H. /\ > 7] -
) I W 7 e | >
rizon ; . - k
Horizo SCile Equivalent condition: " H Equivalent condition: % < H
= e aH k2 dominates over a”la Background term dominates
yoom _ e - 1 " 4
Horizon crossing: i
3 ’ e —ikn ikn (azh,é)' =0
Equivalent physical condition: Uy = Ape + B, e
k =il dn’
== H © Aplivs = H . n
a phys Hk —1 *ikn hy=C; +Cy | 57— =C
\ J =2 k 1 2 2 1
h ) b= R a=(n')
Key 'dea" Interpretation: genuine oscillating gravitational wave Interpretation: frozen tensor perturbation
2 a . : et R
k= > a = e pIapagEtion - ; There is a constant mode and a decaying mode;
i Amplitude decays as 1/a and frequency redshifts as k/a. ; s
k2 < ad_ = frozen tensor amplitude & =T the dominant strain is nearly constant.
- ! A

ke J \
p

Inflation: modes exit the horizon as (aH)"l decreases. Radiation/matter eras: modes re-enter as (aH) ™' grows.

After re-entry, they oscillate again with Ay o« a™!.
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Wavelengths stretch with the scale factor

Equations Geometric picture and consequences
’\ph_\’s
comoving mode k = constant
t] ] L L L 2 1 e ° a
comoving wavelength /\com = 27T/l» |
Aph_\'a
physical wavelength /\phys (f) - a(t) /\com cosmic| f2 e o * . ¢ az > a)
time
’\ph_\'s
)‘ph)/S(t) = 27Ta(t)/k
t3 ® ) L3 ° as > ay
oo v
belween emission Aobs / Aem = a/()/aem =142
and observation
1 Y
_ e physical wavelength grows: Aphys X @
fobs == fcm/(]- = 5 z) B e R

observed frequency decreases
the waveform is stretched in time
source masses are observed as redshifted masses

A/Iobs = (1 5 Z) Msource

Cosmological expansion leaves the comoving mode label unchanged, but stretches the physical wavelength,
lowers the observed frequency, and redshifts the masses inferred from the waveform.
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Frequency redshift
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Equations

fixed mode

k = constant

physical wavenumber

kphys (t) — k/ﬂ(t)

local frequency

wphys(t) =k/a(t)

_ Qe _ Wem
Wobs = Wem ap 1+2

fdet - fsrc/(l +Z)

equivalently

time intervals

‘&tdet — (]_ + z)Afsm

interpretation the same waveform is stretched in time

co

Geometric picture

Frequency decreases because periods are stretched

EMicC
ime

-

<
[=n
@

f det < f sre

ﬂ'l.‘[ll

ag

‘&tdel > &tsn:

lower pitch, longer duration; polarization content unchanged

Expansion redshifts frequency: fxa '. The detector sees a time-stretched, lower-frequency waveform.
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Amplitude damping

Scaling laws Geometric picture
Amplitude decreases while wavelength increases
sub-horizon mode k>H
strain amplitude hk(n) o< a_l a)
physical frequency wphys = k/a oC (1 -1

cosmic | hz<lf ¥ as > a,
[ime

hs < W :
y Qs = @9

2 2
PGW ™~ Whhys h

: N
. 2 -2 2 -2
combine Wphys X @ 7, h®xa
xa ?
pGW hOCa_l wD(G,_l p(;\r\'l:)(a. 4
two redshift factors for energy density: one from frequency, one from amplitude
meaning freely propagating GWs redshift like radiation

For sub-horizon modes, expansion damps the strain as h <a!; the gravitational-wave energy density scales as radiation.

2.6.3



GW theoretical aspects and principia ® Lecture 2

G. Cella ¢ INFN Sezione di Pisa

Luminosity distance and GW amplitude

Amplitude law

flat spacetime

hx1/r

FRW spacetime

h’nha X 1/(‘{('.“ ( )

G|
ILU IS ti] b
1 ( I ) d(“ “..( )

in standard GR

d(\r\f( ) dl\l(')

d(:“'(,;)__ 1+,)] cdz

GW EM
dSW # dF

extra friction changes the amplitude damping

if propagation changes

Geometric picture
A standard siren: amplitude gives distance

source

strain hc)h:-: S

A J

detector

1/dSW

L

»

distance

The observed GW amplitude is calibrated by d{"". In standard GR it equals the electromagnetic luminosity distance.

2.6.4
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Redshifted masses in GW astronomy
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Why the chirp mass is redshifted
0 Source-frame chirp law:

dfsr( 5/3 p11/3
x M,
dt.sr(. e f

e Cosmological redshift relations: /\/\/V\[VVWW

source frame

Jore
fc)hs == 1 _:@ dtnl)s — (1 + :)dtsr(-

v
e Therefore:

dfnhs - 1 dfsr('

l”(,},s 1+ 3)2 (”sn-
Substitute fo.. = (1 + 2) fobs:

df()hs

expansion l

detector frame

5/3 fn/:s

Sre wbs

x (14 :)5"13 M

Sre

NANVWIIE

(1!’( bs
¥

6 J ~—(1+ )/\/lsn'

The detector measures the redshifted chirp mass,
not the source-frame mass.

L

Q Cosmic expansion stretches the waveform in time,

t

obs

—>

From the mode equation to h < 1/D;,

A. Mode equation in conformal time:
!’

=0

a

" / 2 D™ (
hk + 2’Hhk + L'-I)k =), L

Y

B. Canonical field definition:

xk(n) = a(n)hi(n) ® ) \J
= i+ (A* - UT) Xk =0 '

source detector
C. Sub-horizon / WKB regime: >
E>H = xi+Fxax0 = xoxet™
1 <
= hy. < — £ o
BN g how ~ 1/DF™
2
D. Flux and luminosity distance:
= P 12 e L
obs ™ 1()7"'(‘ nh-. )nl)\ L T 4r R;lw distance
= [ h()l)\ )J

In FRW, D; (z) = (1 + z) apr. The mode equationgives the a'
amplitude damping; the definition of luminosity distance converts
this into the observable 1/D; scaling.

sot the binary looks slower and therefore heavier.

A gravitational-wave signal is redshifted in two complementary ways: its phasing measures the redshifted mass M. =
and its amplitude scales as 1/1);, making compact binaries standard sirens.
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From propagation to scattering
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What changes?
FRW propagation

h(n,z) = /d:ikizk(-r;)r’”?‘:'f

homogeneity selects Fourier modes

Black-hole perturbations
U(t,7,0,0) = Y Tem(t,7) Yem(0,0)

fm
spherical symmetry selects angular multipoles

(‘)Ell'f’m =3 612 lpﬂm. + W(T)‘I’pm =1()

The radial wave is partly reflected, partly transmitted,
and partly absorbed by the horizon.

propagation —— scattering

Interpretation Vi(r) is a curvature potential.

Scattering picture

Effective potential in the tortoise coordinate

_ =BH
guv Eal gﬂ” + ii’;”’

curvature provides an effective
barrier (not a passive medium)

Vi (7) curvature barrier
F 3

incoming
S e W N W

. —_———N NP

transmitted
to horizon reflected
L i W N N

horizon infinity

Ty = — 00 tortoise coordinate 7 re = + 00

In FRW we tracked redshifted Fourier modes. Near a black hole, curvature turns waves into a scattering problem.

£:7.1
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Perturbations of compact obj

Background and perturbation

ds? = — f(r) dt®> + f(r)"tdr® +r2dQ?
fp)=L—5==

r
_ =Schw
.q,ur/ g .q.uy 5§ h’,uu

ects

G. Cella ¢ INFN Sezione di Pisa

-

-

=

h;w

odd / axial sector

Natural variables

-

ik-T

—

_—

Yﬁm(ga (;6)
{¢, m, parity}

even / polar sector

Wave picture reflected

incoming

towards horizon
curvature region

Effective-potential picture
d? lI'Fm = 5;?, ]'I'Pm oy V}(T) lDPm =0

Ve
A

transmitted

curvature barrier incoming

HNW“&N—&—

infinity

(€, m) and parity

angular sectors

metric perturbation

master field

> scattering

open boundaries

The black-hole exterior behaves like an open one-dimensional scattering system.
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Normal modes versus quasinormal modes

Curvature converts perturbations into a one-dimensional wave problem with an effective barrier.

Master equation

After spherical-harmonic decomposition, the dynamics is encoded in
a master field Wy, (¢, r).

[ =07 + 02, = Ve(r) | Wem (1) = Sem (2, 7)

r, = .-+2M1n(ﬁ = 1)

Key points

@ Separation into spherical harmonics (£, m) reduces the problem to 1+ 1 dimensions.
® The tortoise coordinate r, maps the exterior region r € (2M,cc) to r, € (—20,20).

® The effective potential V,(r) encodes spacetime curvature and the centrifugal barrier.

incoming wave — reflection + transmission (ringdown).

.

Effective potential barrier
The tortoise coordinate stretches the horizon to the left. The peak of V,(r)
lies near r =~ 3M, producing scattering.

Ve(r

f( } peak near

* r~3M incoming wave
(from r. = +00)

SN

reflected wave

black hole (tor. = +00)

e N e —
T transmitted wave 0 T
b ran ] waw
(horizon) (spatial infinity)

(to r. = —o0)

Asymptotic regions are flat (V, — 0), so solutions behave as free waves.

Curvature creates an effective potential barrier, so perturbations behave as a 1D scattering problem:
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Quasi Normal Modes
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After the source is gone, the black hole rings at its own complex frequencies

~

Definition

A quasinormal mode is an eigenfunction with

horizon P, ~ e T ingoing
infinity P, ~e tiwr, outgoing
R | | 1 ]
Wen = Wy, + ¢ Wenp,
with the convention g ~iwt = w},n <0
time signal W(t)~Ae V" cos(wl t + @)

spectrum fixed by M, a, £, n not by the details of the source

Ringing as leakage from a barrier
No incoming waves: energy leaks to the horizon and to infinity

photon-sphere
barrier

horizon infinity

perturbation
to infinity

into horizo

> T

r. = 4+ 00

w? sets the pitch

h .
damped sinusoid T sets the decay time

Quasinormal modes are not normal modes of a box. They are resonances of an open spacetime.
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~ Black holes spectroscopy
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N '
Kerr spectrum Consistency test
Measure several modes and ask whether they agree on the same remnant
In GR, a stationary vacuum black hole is Kerr:
3
phys _ ¢ -~
Wemn = GM Wimn (X) o
W
The allowed complex frequencies are fixecﬂbfg X and by the labels
_ . late-time signal caks
f} m, n (n=0 fundamental) P
-
Ringdown waveform mode 1
= mode 2
h(t) = ZAf'nme_“ ~ to)/Temn cos[wh”_”_(t - t[]) r ¢'€mn] same.f
fmn .
Excitation data Apmn, Otmn depend on the merger
Spectral data "-‘-"ffmn Temn depend on the remnant
M
one remnant — one Kerr spectrum consistent modes: Kerr supported inconsistent modes: new question
7 .

Black-hole spectroscopy tests whether all measured ringdown modes fit one Kerr remnant.

2.7.8



Modified gravity roadmap

Gravitational waves provide new tests of General Relativity and of possible extensions

Front. Astron. Space Sci. 5:44 (2018)

s

Why gravitational waves matter

e Probe dynamical and strong-field regimes.

o Test signals generated in the very early Universe.

e Enable multimessenger tests with standard sirens.

* propagation speed
* amplitude damping
e additional polarizations

e  GW oscillations

GW observations constrain how gravity
propagates, not only how it generates radiation.

~

7

Modified-gravity roadmap

Massive
gravity
mg > 0

General
Relativity

Tensor

Unique theory of s

massless spin-2
gravity
Additional
field

Break

assumptions dimensions

Scalar
beyond
Horndeski @

Einstein-
Aether

Lorentz
violating

| Horava

Horndeski

Gauss—
Bonnet

Constrained by

GW speed
E GW dispersion

GW damping

GW oscillations

beyond

Generalized
Proca

Brans-
Dicke

Warning:

it is still difficult to place precise constraints on specific alternative theories.




Non standard polarizations

Gravitational Wave Polarizations

—wt=0,7

~wt=m/2 e i

u T
. o o -
"l N . i - I“”-""‘»._‘ e .
I : (:\ I ) -:'::‘t /-N\ -,::I’
; R . et ol _/".
Tensor + Scalar T' Vector 1
y y
o) - .
T e ~ . "I"“*""r._ ."-“." \-
—> i34 ¥ — — 2 -+ <>
- I‘.‘."'-.._ ./_" . . - "‘m.,_.-_ ) g
Tensor x Scalar L Vector 2
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