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detector’s own axes, then one just sets  = 0. If the arms of the interferometer are not perpendic-
ular to each other, then one defines the detector-plane coordinates x and y in such a way that the
bisector of the angle between the arms lies along the bisector of the angle between the coordinate
axes [334]. Note that the maximum value of either F+ or F⇥ is 1.

The corresponding antenna-pattern functions of a bar detector whose longitudinal axis is aligned
along the z direction, are

F+ = sin2 ✓ cos 2 , F⇥ = sin2 ✓ sin 2 . (58)

Any one detector cannot directly measure both independent polarizations of a gravitational
wave at the same time, but responds rather to a linear combination of the two that depends
on the geometry of the detector and source direction. If the wave lasts only a short time, then
the responses of three widely-separated detectors, together with two independent di↵erences in
arrival times among them, are, in principle, su�cient to fully reconstruct the source location and
gravitational wave polarization. A long-lived wave will change its location in the antenna pattern
as the detector moves, and it will also be frequency modulated by the motion of the detector; these
e↵ects are in principle su�cient to determine the location of the source and the polarization of the
wave.
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Figure 4: The antenna pattern of an interferometric detector (left panel) with the arms in the x-y plane
and oriented along the two axes. The response F for waves coming from a certain direction is proportional
to the distance to the point on the antenna pattern in that direction. Also shown is the fractional area in
the sky over which the response exceeds a fraction ✏ of the maximum (right panel).

Since the polarization angle of an incoming gravitational wave would generally be expected to
be unrelated to its direction of arrival, depending rather on the internal orientations in the source,
it is useful to characterize the directional sensitivity of a detector by averaging over the polarization
angle  . If the wave has a given amplitude h and is linearly polarized, then, if we are interested in
a single detector’s response, it is always possible to align the polarization angle  in the sky plane
with that of the wave, so that the wave has pure +-polarization. Then the rms response function
of the detector is

F =
✓Z

F 2

+
d 

◆1/2

. (59)

The function F is often simply called the antenna pattern. For a resonant bar, the antenna pattern
is

F = sin2 ✓, (60)
and for an interferometer, it is given by

F
2 =

1
4

�
1 + cos2 ✓

�2 cos2 2�+ cos2 ✓ sin2 2�. (61)

Living Reviews in Relativity
http://www.livingreviews.org/lrr-2009-2

Zakopane: July 6, 2013

Detection Challenges
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Time series of spacetime strain measurement, sampled at 
~10 kHz, contaminated with noise:

GW Detector Data
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d(t) = nEasy(t) + nHard(t) + R [∑
i

hi(t, ⃗λi)]

Detector noise that is 
easy to predict or 

model. Usually 
fundamental, and 
determines the 

detector sensitivity.

Detector/environment 
noise that is hard or 

impossible to predict or 
model. Usually technical, 

and determines the 
quality of the data.

Response to the 
superposition of all GW 
signals impinging at the 

time t, each with its own 
vector of parameters 
describing the source 

and possibly larger 
structures (even the 

whole Universe).
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The combination of all the noise sources in a detector 
produces the discrete time series 

Noise is described as a stochastic process with statistical 
properties given by the joint probability distribution 

Noise is Gaussian if this distribution follows a multi-variate 
normal distribution:

where  is the mean and  
is the covariance matrix 

n = {nk} = {n(tk)}

p(n)

p(n) = 1
det 2πC

exp − 1
2 ∑

ij
(ni − μ)C−1

ij (nj − μ)

μ = E[n] Cij = E[(ni − μ)(nj − μ)]

Detector Noise
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Noise is stationary if the elements of the covariance matrix 
depend only on the time lag  (and are constant on 
the diagonal)

Switching to the Fourier domain the covariance matrix of 
stationary noise is diagonal:  (indices denote 
frequency bins; ~ over variables are omitted for simplicity)

 is the detector power spectral density (PSD); 
it is not known a priori and must be estimated from the data 
(Welch averaging): it is a pivotal ingredient in data analysis

| i − j |

Cij = δijSn( fi)

Sn( fi)

Detector Noise
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The idealized case of independent detectors with stationary 
and Gaussian noise is suitable for 

Actual analyses carefully account for deviations from this

Data exhibits two main types of non-stationary behaviour: 

1. slow and continuous adiabatic drifts in the power 
spectrum occurring over minutes, hours, days, or seasons

2. short-duration noise transients, referred to as glitches, 
that are localized in time and frequency

nEasy

Detector Noise
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Real detector noise is an arbitrary superposition of stationary, 
nonstationary, deterministic, nondeterministic, transient, persistent 
signals, the origins of which may be known or unknown

Any component that can be understood and/or modeled can be 
subtracted from the data

The rest can only be studied by running the detectors, observing 
how the noise behaves and trying to track down its origin in the 
detector (noise hunting)

Distinct contributions to  may be more or less problematic 
for specific analyses

nHard

Detector Noise
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Detector Noise: Group Photo

Additionally, a short instrumental noise transient
appeared in the LIGO-Livingston detector 1.1 s before
the coalescence time of GW170817 as shown in Fig. 2.
This transient noise, or glitch [71], produced a very brief
(less than 5 ms) saturation in the digital-to-analog converter
of the feedback signal controlling the position of the test
masses. Similar glitches are registered roughly once every
few hours in each of the LIGO detectors with no temporal
correlation between the LIGO sites. Their cause remains
unknown. To mitigate the effect on the results presented in
Sec. III, the search analyses applied a window function to
zero out the data around the glitch [72,73], following the
treatment of other high-amplitude glitches used in the
O1 analysis [74]. To accurately determine the properties
of GW170817 (as reported in Sec. IV) in addition to the
noise subtraction described above, the glitch was modeled
with a time-frequency wavelet reconstruction [75] and
subtracted from the data, as shown in Fig. 2.
Following the procedures developed for prior gravita-

tional-wave detections [29,78], we conclude there is no
environmental disturbance observed by LIGO environmen-
tal sensors [79] that could account for the GW170817
signal.
The Virgo data, used for sky localization and an

estimation of the source properties, are shown in the
bottom panel of Fig. 1. The Virgo data are nonstationary
above 150 Hz due to scattered light from the output optics
modulated by alignment fluctuations and below 30 Hz due
to seismic noise from anthropogenic activity. Occasional
noise excess around the European power mains frequency
of 50 Hz is also present. No noise subtraction was applied
to the Virgo data prior to this analysis. The low signal
amplitude observed in Virgo significantly constrained the
sky position, but meant that the Virgo data did not
contribute significantly to other parameters. As a result,
the estimation of the source’s parameters reported in
Sec. IV is not impacted by the nonstationarity of Virgo
data at the time of the event. Moreover, no unusual
disturbance was observed by Virgo environmental sensors.
Data used in this study can be found in [80].

III. DETECTION

GW170817 was initially identified as a single-detector
event with the LIGO-Hanford detector by a low-latency
binary-coalescence search [81–83] using template wave-
forms computed in post-Newtonian theory [11,13,36,84].
The two LIGO detectors and the Virgo detector were all
taking data at the time; however, the saturation at the LIGO-
Livingston detector prevented the search from registering a
simultaneous event in both LIGO detectors, and the low-
latency transfer of Virgo data was delayed.
Visual inspection of the LIGO-Hanford and LIGO-

Livingston detector data showed the presence of a clear,
long-duration chirp signal in time-frequency representations
of the detector strain data. As a result, an initial alert was

generated reporting a highly significant detection of a binary
neutron star signal [85] in coincidence with the independ-
ently observed γ-ray burst GRB 170817A [39–41].
A rapid binary-coalescence reanalysis [86,87], with the

time series around the glitch suppressed with a window
function [73], as shown in Fig. 2, confirmed the presence of
a significant coincident signal in the LIGO detectors. The
source was rapidly localized to a region of 31 deg2,
shown in Fig. 3, using data from all three detectors [88].
This sky map was issued to observing partners, allowing
the identification of an electromagnetic counterpart
[46,48,50,77].
The combined SNR of GW170817 is estimated to be

32.4, with values 18.8, 26.4, and 2.0 in the LIGO-Hanford,

FIG. 2. Mitigation of the glitch in LIGO-Livingston data. Times
are shown relative to August 17, 2017 12∶41:04 UTC. Top panel:
A time-frequency representation [65] of the raw LIGO-Living-
ston data used in the initial identification of GW170817 [76]. The
coalescence time reported by the search is at time 0.4 s in this
figure and the glitch occurs 1.1 s before this time. The time-
frequency track of GW170817 is clearly visible despite the
presence of the glitch. Bottom panel: The raw LIGO-Livingston
strain data (orange curve) showing the glitch in the time domain.
To mitigate the glitch in the rapid reanalysis that produced the sky
map shown in Fig. 3 [77], the raw detector data were multiplied
by an inverse Tukey window (gray curve, right axis) that zeroed
out the data around the glitch [73]. To mitigate the glitch in the
measurement of the source’s properties, a model of the glitch
based on a wavelet reconstruction [75] (blue curve) was sub-
tracted from the data. The time-series data visualized in this figure
have been bandpassed between 30 Hz and 2 kHz so that the
detector’s sensitive band is emphasized. The gravitational-wave
strain amplitude of GW170817 is of the order of 10−22 and so is
not visible in the bottom panel.

PRL 119, 161101 (2017) P HY S I CA L R EV I EW LE T T ER S week ending
20 OCTOBER 2017

161101-3
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“Easy” noise

Signal of astrophysical origin
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GW Astronomy Building Blocks
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Build the machines that provide 
• Make  as small as possible
• Make  so we can forget about it

d(t)
nEasy
nHard ≪ nEasy

Collect 
• Run the detector to obtain  for periods as long as possible
• Understand the detector behaviour and learn to improve it

d(t)
d(t)

D
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a 
an

aly
sis

Derive scientific knowledge from 
• Identify each signal  (handling  as best as possible)
• Characterize the source
• Use information from individually and multiple signals for science

d(t)
h(t) nEasy + nHard
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1. Gather the data (and deal with data quality, calibration, ...)
2. Build the foreground, i.e., identify candidates

a. If using models, look through the data for your expectations
b. Handle non-stationary (non-Gaussian) noise

3. Assess the signficance of candidates: build a background and 
compare it to the foreground

4. If a candidate qualifies as a signal, calculate Bayes Factor and infer 
source properties (otherwise place upper limits, make exclusion 
statements)

5. Infer (cosmological parameters, neutron star equation of state, 
population properties, etc.) from multiple signals



Two Key Ingredients
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1. Bayes’ theorem:

where  is the probability of statement 

p(A |B)p(B) = p(B |A)p(A)

p(A) ∈ [0,1] A

2. The likelihood function
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Likelihood
The likelihood that the gravitational-wave detector strain 
data contains a given signal is a central quantity for both 
searches and parameter estimation

A gravitational wave hits the K-th detector, which records 
, so at a single data point  we ask: are 

noise and residual probability compatible?

This is the probability of drawing the former argument from 
our noise model, under the null hypothesis 

dK = Rk[h] + nK i

H0

p(dK,i �RK [h�
i]) = p(nK,i)

• We do not know the 
signal exactly!

• Modelled and unmodelled 
searches depart here



The likelihood function is the noise model (hence all those 
slides on noise…)

We have discrete frequency bins and want the joint 
probability for the noise from all frequency bins:

Likelihood for Gaussian noise

where we sum over detectors (IJ) and data samples (km)
17

Likelihood

p(dK |h�) = p(dK,1 �RK [h�
1], . . . , dK,Nf �RK [h�

Nf
])

= p(nK,1, . . . , nK,Nf )

<latexit sha1_base64="b+bI7rITy3z0ShyIjpPNgByjAy8="></latexit>

p(d|h0) = p(n) =
1p

det 2⇡C
exp

2

4�1

2

X

(IJ),(km)

(dI,k �RI [h
0
k])C

�1
(Ik)(Jm)(dJ,m �RJ [h

0
m])

3

5



Likelihood
If the detectors are uncorrelated: 

If they are also stationary: 

In this case, modulo an overall negative sign, the argument of 
the exponential in the noise likelihood reads

C(Ik),(Jm) = δIJSI
km

C(Ik),(Jm) = δIJδkmSI( fk)

18

[block diagonal]

[diagonal]

Dropping the prime 
for a lighter notation

<latexit sha1_base64="0M7o4Cp7SnGn/DOQ9VlUQYY7EYY="></latexit>

1

2
�2(d,h0) =

1

2
hd� h0|d� h0i = 1

2

X

K

hdK �RK [h0]|dK �RK [h0]i

continuum������! 2<
X

K

Z 1

0

(dK(f)�RK [h0(f)])⇤(dK(f)�RK [h0(f)])

SK(f)
df

<latexit sha1_base64="0M7o4Cp7SnGn/DOQ9VlUQYY7EYY="></latexit>

1

2
�2(d,h0) =

1

2
hd� h0|d� h0i = 1

2

X

K

hdK �RK [h0]|dK �RK [h0]i

continuum������! 2<
X

K

Z 1

0

(dK(f)�RK [h0(f)])⇤(dK(f)�RK [h0(f)])

SK(f)
df
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2. Build the foreground, i.e., identify candidates

a. If using models, look through the data for your expectations
b. Handle non-stationary (non-Gaussian) noise

3. Assess the signficance of candidates: build a background and 
compare it to the foreground

4. If a candidate qualifies as a signal, calculate Bayes Factor and infer 
source properties (otherwise place upper limits, make exclusion 
statements)

5. Infer (cosmological parameters, neutron star equation of state, 
population properties, etc.) from multiple signals



Signal Detection
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Searches compare null hypothesis and signal hypothesis

From Bayes’ theorem, the posterior probability of the 
signal hypothesis given the observed data is

which is monotonic in the likelihood ratio of the two 
hypotheses

�(d|h(��)) =
p(d|H1)
p(d|H0)

p(H1|d) = p(d|H1)p(H1)/p(d) =

=
p(d|H1)p(H1)

p(d|H0)p(H0) + p(d|H1)p(H1)
=

=
p(d|H1)
p(d|H0)

�
p(d|H1)
p(d|H0)

+
p(H0)
p(H1)

��1
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The (log-)likelihood function can be used to define a 
frequentist detection statistic given by the likelihood ratio 
between a signal being present or absent in the data

For stationary and Gaussian noise this statistic would follow a 
known distribution and the false alarm rate for an event 
could be computed analytically

Signal Detection

Residual

Matched filter

“Scale factors”
that do not 
mix  and h d

<latexit sha1_base64="zzKY8c//HgU1ziXl0/g7W1Pa4Hs="></latexit>

log⇤(d|h(~�)) = p(d|H1)� p(d|H0)

<latexit sha1_base64="HPjb671hv/hvHgN+kybkp1Fwo44="></latexit>

log⇤(d|h(~�)) = �1

2
hd� h(~�)|d� h(~�)i+ 1

2
hd|di =

= hh(~�)|di � 1

2
hh(~�)|h(~�)i
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The posterior probability is a monotonic function of the 
matched filter term which is therefore an optimal test statistic

Maximising the likelihood to search for signals is equivalent to: 
- maximising the matched filter or the signal-to-noise 

ratio ⟨h( ⃗λ) |d⟩/⟨h( ⃗λ) |h( ⃗λ)⟩
- minimising the residuals

In practice noise exhibits deviations from stationarity and 
Gaussianity: robust search methods have been developed to 
take into account the measured properties of the noise and 
deal with these deviations

Signal Detection
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Transient maximum likelihood searches look for times 
when the likelihood (or possibly the matched filter, or the 
signal-to-noise ratio) peaks

Persistent maximum likelihood searches consider as much 
data as possible at once and “accumulate likelihood”

Search Families and Approaches
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Incoherent transient searches tackle the likelihood 
maximisation at each detector:
- peaks above a detection statistic threshold are promoted to 

coincident triggers if they are present in all detectors 
compatibly with the light travel time between them

- they are ranked with the quadrature sum of the signal-to-
noise ratio in each detector (or variations of this definition)

Coherent searches address the likelihood maximisation 
simultaneously in all detectors with a common signal:
- requires exploring in sky location (larger parameter space)
- operate directly on the  polarisations
- formally more solid, and beneficial for many detectors

h+, h×

Search Families and Approaches



25

Modelled maximum likelihood searches
- assume a waveform model, which is a “recipe” to calculate 

 given the signal parameters 
- maximise the likelihood by processing  with a finite 

number of predetermined  choices (templates)

h( ⃗λ) ⃗λ
d

⃗λ

Unmodelled maximum likelihood searches
- do not assume a specific signal morphology, but use for 

example a flexible decomposition in wavelets
- perform the maximisation of the likelihood ratio (typically 

coherently) over the possible sky position obtaining  
as a solution

h+, h×

Search Families and Approaches
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Cross-correlation searches are based on the idea that 
cross-correlating data among (pairs of or groups of) detectors 
averages out noise fluctuations but not astrophysical signals
- rather than maximise the likelihood, they essentially average 

away noise
- strong hypothesis is that correlated noise is negligible

Search Families and Approaches
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entering our sensitive band [85,86] and could not have
formed from an asymptotically spin antialigned binary.
We could exclude those systems if we believe the binary is
not precessing. However, we do not make this assumption
here and instead accept that the models can only extract
limited spin information about a more general, precessing
binary.
We also need to specify the prior ranges for the ampli-

tude and phase error functions δAkðf; ~ϑÞ and δϕkðf; ~ϑÞ, see
Eq. (5). The calibration during the time of observation of
GW150914 is characterized by a 1-σ statistical uncertainty
of no more than 10% in amplitude and 10° in phase [1,47].
We use zero-mean Gaussian priors on the values of the
spline at each node with widths corresponding to the
uncertainties quoted above [48]. Calibration uncertainties
therefore add 10 parameters per instrument to the model
used in the analysis. For validation purposes we also
considered an independent method that assumes frequency-
independent calibration errors [87], and obtained consistent
results.

III. RESULTS

The results of the analysis using binary coalescence
waveforms are posterior PDFs for the parameters describ-
ing the GW signal and the model evidence. A summary is
provided in Table I. For the model evidence, we quote
(the logarithm of) the Bayes factor Bs=n ¼ Z=Zn, which
is the evidence for a coherent signal hypothesis divided
by that for (Gaussian) noise [5]. At the leading order, the
Bayes factor and the optimal SNR ρ ¼ ½

P
khhMk jhMk i%1=2 are

related by lnBs=n ≈ ρ2=2 [88].
Before discussing parameter estimates in detail, we

consider how the inference is affected by the choice of
the compact-binary waveform model. From Table I, we see
that the posterior estimates for each parameter are broadly
consistent across the two models, despite the fact that
they are based on different analytical approaches and that
they include different aspects of BBH spin dynamics. The
models’ logarithms of the Bayes factors, 288.7& 0.2 and
290.3& 0.1, are also comparable for both models: the data
do not allow us to conclusively prefer one model over the
other [89]. Therefore, we use both for the Overall column
in Table I. We combine the posterior samples of both
distributions with equal weight, in effect marginalizing
over our choice of waveform model. These averaged results
give our best estimate for the parameters describing
GW150914.
In Table I, we also indicate how sensitive our results are

to our choice of waveform. For each parameter, we give
systematic errors on the boundaries of the 90% credible
intervals due to the uncertainty in the waveform models
considered in the analysis; the quoted values are the 90%
range of a normal distribution estimated from the variance
of results from the different models. (If X were an edge of a

credible interval, we quote systematic uncertainty
&1.64σsys using the estimate σ2sys¼ ½ðXEOBNR−XOverallÞ2þ
ðXIMRPhenom−XOverallÞ2%=2. For parameters with bounded
ranges, like the spins, the normal distributions should
be truncated. However, for transparency, we still quote
the 90% range of the uncut distributions. These numbers
provide estimates of the order of magnitude of the potential
systematic error). Assuming a normally distributed error is
the least constraining choice [90] and gives a conservative
estimate. The uncertainty from waveform modeling is less
significant than the statistical uncertainty; therefore, we are
confident that the results are robust against this potential
systematic error. We consider this point in detail later in the
Letter.
The analysis presented here yields an optimal coherent

SNR of ρ ¼ 25.1þ1.7
−1.7 . This value is higher than the one

reported by the search [1,3] because it is obtained using a
finer sampling of (a larger) parameter space.
GW150914’s source corresponds to a stellar-mass BBH

with individual source-frame masses msource
1 ¼ 36þ5

−4M⊙
and msource

2 ¼ 29þ4
−4M⊙, as shown in Table I and Fig. 1.

The two BHs are nearly equal mass. We bound the mass
ratio to the range 0.66 ≤ q ≤ 1 with 90% probability. For
comparison, the highest observed neutron star mass is
2.01& 0.04M⊙ [91], and the conservative upper-limit for

FIG. 1. Posterior PDFs for the source-frame component masses
msource

1 and msource
2 . We use the convention that msource

2 ≤ msource
1 ,

which produces the sharp cut in the two-dimensional distribution.
In the one-dimensional marginalized distributions we show the
Overall (solid black), IMRPhenom (blue), and EOBNR (red)
PDFs; the dashed vertical lines mark the 90% credible interval
for the Overall PDF. The two-dimensional plot shows the
contours of the 50% and 90% credible regions plotted over a
color-coded PDF.

PRL 116, 241102 (2016) P HY S I CA L R EV I EW LE T T ER S
week ending
17 JUNE 2016

241102-6

Going from the detection to…

Gravitational-Wave Inference
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entering our sensitive band [85,86] and could not have
formed from an asymptotically spin antialigned binary.
We could exclude those systems if we believe the binary is
not precessing. However, we do not make this assumption
here and instead accept that the models can only extract
limited spin information about a more general, precessing
binary.
We also need to specify the prior ranges for the ampli-

tude and phase error functions δAkðf; ~ϑÞ and δϕkðf; ~ϑÞ, see
Eq. (5). The calibration during the time of observation of
GW150914 is characterized by a 1-σ statistical uncertainty
of no more than 10% in amplitude and 10° in phase [1,47].
We use zero-mean Gaussian priors on the values of the
spline at each node with widths corresponding to the
uncertainties quoted above [48]. Calibration uncertainties
therefore add 10 parameters per instrument to the model
used in the analysis. For validation purposes we also
considered an independent method that assumes frequency-
independent calibration errors [87], and obtained consistent
results.

III. RESULTS

The results of the analysis using binary coalescence
waveforms are posterior PDFs for the parameters describ-
ing the GW signal and the model evidence. A summary is
provided in Table I. For the model evidence, we quote
(the logarithm of) the Bayes factor Bs=n ¼ Z=Zn, which
is the evidence for a coherent signal hypothesis divided
by that for (Gaussian) noise [5]. At the leading order, the
Bayes factor and the optimal SNR ρ ¼ ½

P
khhMk jhMk i%1=2 are

related by lnBs=n ≈ ρ2=2 [88].
Before discussing parameter estimates in detail, we

consider how the inference is affected by the choice of
the compact-binary waveform model. From Table I, we see
that the posterior estimates for each parameter are broadly
consistent across the two models, despite the fact that
they are based on different analytical approaches and that
they include different aspects of BBH spin dynamics. The
models’ logarithms of the Bayes factors, 288.7& 0.2 and
290.3& 0.1, are also comparable for both models: the data
do not allow us to conclusively prefer one model over the
other [89]. Therefore, we use both for the Overall column
in Table I. We combine the posterior samples of both
distributions with equal weight, in effect marginalizing
over our choice of waveform model. These averaged results
give our best estimate for the parameters describing
GW150914.
In Table I, we also indicate how sensitive our results are

to our choice of waveform. For each parameter, we give
systematic errors on the boundaries of the 90% credible
intervals due to the uncertainty in the waveform models
considered in the analysis; the quoted values are the 90%
range of a normal distribution estimated from the variance
of results from the different models. (If X were an edge of a

credible interval, we quote systematic uncertainty
&1.64σsys using the estimate σ2sys¼ ½ðXEOBNR−XOverallÞ2þ
ðXIMRPhenom−XOverallÞ2%=2. For parameters with bounded
ranges, like the spins, the normal distributions should
be truncated. However, for transparency, we still quote
the 90% range of the uncut distributions. These numbers
provide estimates of the order of magnitude of the potential
systematic error). Assuming a normally distributed error is
the least constraining choice [90] and gives a conservative
estimate. The uncertainty from waveform modeling is less
significant than the statistical uncertainty; therefore, we are
confident that the results are robust against this potential
systematic error. We consider this point in detail later in the
Letter.
The analysis presented here yields an optimal coherent

SNR of ρ ¼ 25.1þ1.7
−1.7 . This value is higher than the one

reported by the search [1,3] because it is obtained using a
finer sampling of (a larger) parameter space.
GW150914’s source corresponds to a stellar-mass BBH

with individual source-frame masses msource
1 ¼ 36þ5

−4M⊙
and msource

2 ¼ 29þ4
−4M⊙, as shown in Table I and Fig. 1.

The two BHs are nearly equal mass. We bound the mass
ratio to the range 0.66 ≤ q ≤ 1 with 90% probability. For
comparison, the highest observed neutron star mass is
2.01& 0.04M⊙ [91], and the conservative upper-limit for

FIG. 1. Posterior PDFs for the source-frame component masses
msource

1 and msource
2 . We use the convention that msource

2 ≤ msource
1 ,

which produces the sharp cut in the two-dimensional distribution.
In the one-dimensional marginalized distributions we show the
Overall (solid black), IMRPhenom (blue), and EOBNR (red)
PDFs; the dashed vertical lines mark the 90% credible interval
for the Overall PDF. The two-dimensional plot shows the
contours of the 50% and 90% credible regions plotted over a
color-coded PDF.
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Going from the detection to…

  

Exploring parameter space

Mapping the posterior is difficult 
(Veitch et al. arXiv:1409.7215)

Actually...

Gravitational-Wave Inference



p(��|d,Mh, I) =
p(d|��,Mh, I) p(��|Mh, I)

p(d|Mh, I)

Bayes’ Theorem: Take 2

29

p(A |B)p(B) = p(B |A)p(A)



p(��|d,Mh, I) =
p(d|��,Mh, I) p(��|Mh, I)

p(d|Mh, I)

Bayes’ Theorem: Take 2

Likelihood

Posterior

Prior

   in the case of compact binaries: masses (2), spins (6), sky 
position (2), distance (1), orbital plane inclination (1), polarization 
(1), phase and time at coalescence (2), finite size effects, 
deviations from General Relativity, ...

��

29

Evidence

Updated understanding = new observations + initial understanding



Posterior

The posterior gives the probability density that a model  
describes the data

h( ⃗λ)

It is calculated with a likelihood and a prior, and it is valid under 
the assumptions that were used when computing them

30

p(��|d,Mh, I) =
p(d|��,Mh, I) p(��|Mh, I)

p(d|Mh, I)
Posterior



Likelihood
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The likelihood function is central to Bayesian inference: with 
the specification of priors for the signal and noise models, it 
allows for the calculation of the model evidence – odds that a 
signal is present – and posterior distributions for the model 

p(��|d,Mh, I) =
p(d|��,Mh, I) p(��|Mh, I)

p(d|Mh, I)

p(d|��,Mh, I) � �(d|h(��)) =
p(d|H1)
p(d|H0)

p(d|Mh, I) =
�

p(d|��,Mh, I)p(��|Mh, I)d��
Evidence

Likelihood

Dropping      for a 
lighter notation
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Likelihood

Noise-weighting

Probability of obtaining data assuming signal hypothesis and 
that the noise is Gaussian and stationary

32

hi(��)� h�
i(��)(1 + �Ai) exp(i��i)

Calibration

Waveform model

Remember the two critical assumptions (at each detector):

- Gaussian noise

- Stationary noise

p(nK,1, . . . , nK,Nf ) � exp
�
�1

2
niC

�1
K,ijnj

�

CK,ij =
1
2
SK(fi)�ij

O(10) parameters 
per detector
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Handling Non-Stationarity• Model power spectrum by dividing it into two separate components:

• The smooth part of the spectrum is
modeled using a cubic-spline fit 
(parameters: number & 
location of spline control points)

• Model spectral lines as a linear 
combination of Lorentzians
(parameters: number & A, f, Q)

• Model selection decides minimum 
number of spline points & lines 
needed to make whitened data 
consistent w/ N[0,1]

BayesLine - Spectral Modeling
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[BayesLine – arXiv:1410.3852]

Recompute the PSD for every detector and for every event 
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Handling Non-Gaussianity

[GW170817 – arXiv:1710.05832]

Include glitch in likelihood ( ) or remove it from data d − R[h] − g = n
Additionally, a short instrumental noise transient

appeared in the LIGO-Livingston detector 1.1 s before
the coalescence time of GW170817 as shown in Fig. 2.
This transient noise, or glitch [71], produced a very brief
(less than 5 ms) saturation in the digital-to-analog converter
of the feedback signal controlling the position of the test
masses. Similar glitches are registered roughly once every
few hours in each of the LIGO detectors with no temporal
correlation between the LIGO sites. Their cause remains
unknown. To mitigate the effect on the results presented in
Sec. III, the search analyses applied a window function to
zero out the data around the glitch [72,73], following the
treatment of other high-amplitude glitches used in the
O1 analysis [74]. To accurately determine the properties
of GW170817 (as reported in Sec. IV) in addition to the
noise subtraction described above, the glitch was modeled
with a time-frequency wavelet reconstruction [75] and
subtracted from the data, as shown in Fig. 2.
Following the procedures developed for prior gravita-

tional-wave detections [29,78], we conclude there is no
environmental disturbance observed by LIGO environmen-
tal sensors [79] that could account for the GW170817
signal.
The Virgo data, used for sky localization and an

estimation of the source properties, are shown in the
bottom panel of Fig. 1. The Virgo data are nonstationary
above 150 Hz due to scattered light from the output optics
modulated by alignment fluctuations and below 30 Hz due
to seismic noise from anthropogenic activity. Occasional
noise excess around the European power mains frequency
of 50 Hz is also present. No noise subtraction was applied
to the Virgo data prior to this analysis. The low signal
amplitude observed in Virgo significantly constrained the
sky position, but meant that the Virgo data did not
contribute significantly to other parameters. As a result,
the estimation of the source’s parameters reported in
Sec. IV is not impacted by the nonstationarity of Virgo
data at the time of the event. Moreover, no unusual
disturbance was observed by Virgo environmental sensors.
Data used in this study can be found in [80].

III. DETECTION

GW170817 was initially identified as a single-detector
event with the LIGO-Hanford detector by a low-latency
binary-coalescence search [81–83] using template wave-
forms computed in post-Newtonian theory [11,13,36,84].
The two LIGO detectors and the Virgo detector were all
taking data at the time; however, the saturation at the LIGO-
Livingston detector prevented the search from registering a
simultaneous event in both LIGO detectors, and the low-
latency transfer of Virgo data was delayed.
Visual inspection of the LIGO-Hanford and LIGO-

Livingston detector data showed the presence of a clear,
long-duration chirp signal in time-frequency representations
of the detector strain data. As a result, an initial alert was

generated reporting a highly significant detection of a binary
neutron star signal [85] in coincidence with the independ-
ently observed γ-ray burst GRB 170817A [39–41].
A rapid binary-coalescence reanalysis [86,87], with the

time series around the glitch suppressed with a window
function [73], as shown in Fig. 2, confirmed the presence of
a significant coincident signal in the LIGO detectors. The
source was rapidly localized to a region of 31 deg2,
shown in Fig. 3, using data from all three detectors [88].
This sky map was issued to observing partners, allowing
the identification of an electromagnetic counterpart
[46,48,50,77].
The combined SNR of GW170817 is estimated to be

32.4, with values 18.8, 26.4, and 2.0 in the LIGO-Hanford,

FIG. 2. Mitigation of the glitch in LIGO-Livingston data. Times
are shown relative to August 17, 2017 12∶41:04 UTC. Top panel:
A time-frequency representation [65] of the raw LIGO-Living-
ston data used in the initial identification of GW170817 [76]. The
coalescence time reported by the search is at time 0.4 s in this
figure and the glitch occurs 1.1 s before this time. The time-
frequency track of GW170817 is clearly visible despite the
presence of the glitch. Bottom panel: The raw LIGO-Livingston
strain data (orange curve) showing the glitch in the time domain.
To mitigate the glitch in the rapid reanalysis that produced the sky
map shown in Fig. 3 [77], the raw detector data were multiplied
by an inverse Tukey window (gray curve, right axis) that zeroed
out the data around the glitch [73]. To mitigate the glitch in the
measurement of the source’s properties, a model of the glitch
based on a wavelet reconstruction [75] (blue curve) was sub-
tracted from the data. The time-series data visualized in this figure
have been bandpassed between 30 Hz and 2 kHz so that the
detector’s sensitive band is emphasized. The gravitational-wave
strain amplitude of GW170817 is of the order of 10−22 and so is
not visible in the bottom panel.
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errors

Waveform
models

[Credit: T.LiGenberg]
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Marginalized Posteriors

[arXiv:1602.03840]

p(�1,�2|d,Mh) =
�

p(��|d,Mh)d�3 . . . d�N
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entering our sensitive band [85,86] and could not have
formed from an asymptotically spin antialigned binary.
We could exclude those systems if we believe the binary is
not precessing. However, we do not make this assumption
here and instead accept that the models can only extract
limited spin information about a more general, precessing
binary.
We also need to specify the prior ranges for the ampli-

tude and phase error functions δAkðf; ~ϑÞ and δϕkðf; ~ϑÞ, see
Eq. (5). The calibration during the time of observation of
GW150914 is characterized by a 1-σ statistical uncertainty
of no more than 10% in amplitude and 10° in phase [1,47].
We use zero-mean Gaussian priors on the values of the
spline at each node with widths corresponding to the
uncertainties quoted above [48]. Calibration uncertainties
therefore add 10 parameters per instrument to the model
used in the analysis. For validation purposes we also
considered an independent method that assumes frequency-
independent calibration errors [87], and obtained consistent
results.

III. RESULTS

The results of the analysis using binary coalescence
waveforms are posterior PDFs for the parameters describ-
ing the GW signal and the model evidence. A summary is
provided in Table I. For the model evidence, we quote
(the logarithm of) the Bayes factor Bs=n ¼ Z=Zn, which
is the evidence for a coherent signal hypothesis divided
by that for (Gaussian) noise [5]. At the leading order, the
Bayes factor and the optimal SNR ρ ¼ ½

P
khhMk jhMk i%1=2 are

related by lnBs=n ≈ ρ2=2 [88].
Before discussing parameter estimates in detail, we

consider how the inference is affected by the choice of
the compact-binary waveform model. From Table I, we see
that the posterior estimates for each parameter are broadly
consistent across the two models, despite the fact that
they are based on different analytical approaches and that
they include different aspects of BBH spin dynamics. The
models’ logarithms of the Bayes factors, 288.7& 0.2 and
290.3& 0.1, are also comparable for both models: the data
do not allow us to conclusively prefer one model over the
other [89]. Therefore, we use both for the Overall column
in Table I. We combine the posterior samples of both
distributions with equal weight, in effect marginalizing
over our choice of waveform model. These averaged results
give our best estimate for the parameters describing
GW150914.
In Table I, we also indicate how sensitive our results are

to our choice of waveform. For each parameter, we give
systematic errors on the boundaries of the 90% credible
intervals due to the uncertainty in the waveform models
considered in the analysis; the quoted values are the 90%
range of a normal distribution estimated from the variance
of results from the different models. (If X were an edge of a

credible interval, we quote systematic uncertainty
&1.64σsys using the estimate σ2sys¼ ½ðXEOBNR−XOverallÞ2þ
ðXIMRPhenom−XOverallÞ2%=2. For parameters with bounded
ranges, like the spins, the normal distributions should
be truncated. However, for transparency, we still quote
the 90% range of the uncut distributions. These numbers
provide estimates of the order of magnitude of the potential
systematic error). Assuming a normally distributed error is
the least constraining choice [90] and gives a conservative
estimate. The uncertainty from waveform modeling is less
significant than the statistical uncertainty; therefore, we are
confident that the results are robust against this potential
systematic error. We consider this point in detail later in the
Letter.
The analysis presented here yields an optimal coherent

SNR of ρ ¼ 25.1þ1.7
−1.7 . This value is higher than the one

reported by the search [1,3] because it is obtained using a
finer sampling of (a larger) parameter space.
GW150914’s source corresponds to a stellar-mass BBH

with individual source-frame masses msource
1 ¼ 36þ5

−4M⊙
and msource

2 ¼ 29þ4
−4M⊙, as shown in Table I and Fig. 1.

The two BHs are nearly equal mass. We bound the mass
ratio to the range 0.66 ≤ q ≤ 1 with 90% probability. For
comparison, the highest observed neutron star mass is
2.01& 0.04M⊙ [91], and the conservative upper-limit for

FIG. 1. Posterior PDFs for the source-frame component masses
msource

1 and msource
2 . We use the convention that msource

2 ≤ msource
1 ,

which produces the sharp cut in the two-dimensional distribution.
In the one-dimensional marginalized distributions we show the
Overall (solid black), IMRPhenom (blue), and EOBNR (red)
PDFs; the dashed vertical lines mark the 90% credible interval
for the Overall PDF. The two-dimensional plot shows the
contours of the 50% and 90% credible regions plotted over a
color-coded PDF.
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Figure 1. A simplified schematic summarizing the main steps in LIGO–Virgo data 
processing, from the output of the data to the results reported in a catalog of transient 
events.

With the public release of the LIGO and Virgo data, groups outside these collaborations 
are analyzing the released data. Most of these analyses are producing results consistent with 
the LVC’s [32–39], and some additional significant event candidates have been reported [40, 
41]. The noise properties of the LIGO data and the correctness of the LVC data analysis 
for GW150914 have also been questioned [42, 43], although successive gravitational wave 
detections have strengthened confidence in our detection and parameter estimation methods 
[3]. Motivated by the widespread interest in analyzing LIGO and Virgo data, in this paper we 
provide an overview of the properties of the LIGO–Virgo data and its noise components. We 
also describe the essential features of data analysis procedures that have been used by LIGO 
and Virgo teams to detect and measure the properties of the cataloged gravitational-wave 
sources [3], as summarized in figure 1. The analysis of LIGO and Virgo data in searching for 
gravitational-wave signals is complex, as is the correct treatment of the statistical properties 
of noise. The LVC encourages the broader scientific community to access and analyze its 
data, and will always be open to discussions about the methods it uses to arrive at its conclu-
sions. The codes used to analyze LIGO–Virgo data are public. The special purpose codes 
used to generate many of the figures in this paper are also available [44]. In addition, the LVC 
has made available a Jupyter notebook to illustrate methods used to produce key figures and 
results in a simplified implementation [45]. Finally, many of the software packages used by 
the LVC to process the LIGO–Virgo data, search for events and characterize observed signals 
can be found at the GWOSC site [46].

The paper is organized as follows. In section 2 we describe the properties of the LIGO–
Virgo data, while in section 3 we discuss the noise that affects those data. Section 4 describes 
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